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‘Quantitative’ phase-field models

•• PropertiesProperties bulkbulk and interfaces are and interfaces are reproducedreproduced
accuratelyaccurately in the simulationsin the simulations
•• EffectEffect model description and model description and parametersparameters
•• NumericalNumerical issuesissues

•• Insights in the Insights in the evolutionevolution of of complexcomplex
morphologies and grain morphologies and grain assembliesassemblies
•• EffectEffect of of individualindividual bulkbulk and interface and interface propertiesproperties

•• PredictivePredictive ??
•• DependsDepends on on availabilityavailability and and accuracyaccuracy of input of input 

datadata
–– RequiresRequires composition and orientation composition and orientation 

dependencedependence
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General framework and goal

ExperimentsExperiments, , atomisticatomistic simulationssimulations and and thermodynamicthermodynamic modelsmodels

Crystal structure, phase diagram, interfacial properties (energy, mobility, anisotropy), 
diffusion properties, …

PhasePhase--fieldfield simulationssimulations

Microstructure evolution at the mesoscale

QuantitativeQuantitative characterizationcharacterization

Average grain size, grain size distribution, volume fractions, texture,…
Basis for statistical and mean field theories



Some aspects of model formulation

•• 22--phase phase systemssystems (single phase(single phase--fieldfield))
•• MultiMulti--grain/phase grain/phase systemssystems (multiple phase(multiple phase--fieldfield))
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2-phase systems

•• Field variables:Field variables:

•• Free Free energyenergy

•• BulkBulk energyenergy
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Decoupling bulk and interfacial energy

•• Interface Interface treatedtreated as mixture of 2 phasesas mixture of 2 phases
•• cc--fieldfield for for eacheach phasephase
•• EqualEqual interdiffusioninterdiffusion potentialpotential + + 

conservationconservation

•• BulkBulk energyenergy

Kim et al., PRE, 6 (1999) p 7186; Kim et al., PRE, 6 (1999) p 7186; TiadenTiaden et et 
al., al., PhysicaPhysica D, D, 115 (1998) p73115 (1998) p73
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Decoupling bulk and interfacial
kinetics

•• KineticKinetic equationsequations ((LinearLinear nonnon--equilibriumequilibrium thermodynamicsthermodynamics))
•• AllenAllen--CahnCahn

•• DiffusionDiffusion

•• JumpJump in in chemicalchemical potentialpotential accrossaccross interfaceinterface

•Dilute, DS=0: A.Karma, PRL, 87, 115701 
(2001); B. Echebarria et al., PRE, 70, 061604 
(2004)
•Multi-comp, DS=0: S.G. Kim, Acta Mater. 
55, p4391 (2007)
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Multi-grain and multi-phase structures

•• Single phaseSingle phase--fieldfield modelsmodels --> Multiple > Multiple 
phasephase--fieldfield modelsmodels

•• Model extensionModel extension

–– DifferentDifferent types of interfacestypes of interfaces
–– Triple and Triple and higherhigher orderorder junctionsjunctions

•• NumericallyNumerically
–– SameSame accuracyaccuracy for all interfaces for all interfaces 

and phasesand phases
–– All interfaces All interfaces withinwithin range of range of 

validityvalidity of the of the thinthin interface interface 
asymptoticsasymptotics

{ }1 2 3, , ,..., pη η η η η→

2 2
1 2 3 1 2( , , ,..., | | , | | ,...)F η η η η η∇ ∇

num cte→ =A
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Multi-grain and multi-phase models: 
major difficulties

•• ThirdThird--phase contributionsphase contributions
•• VV1212 = = VV1313 = 7/10 = 7/10 VV1212

•• CarefulCareful choicechoice of multiof multi--wellwell functionfunction
and gradient contributionand gradient contribution

•• Interpolation Interpolation functionfunction
•• ZeroZero--slopeslope atat equilibriumequilibrium values of the values of the 

phase phase fieldsfields
•• ThermodynamicThermodynamic consistencyconsistency
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Anisotropic grain growth model

•• PhasePhase fieldsfields
•• WithWith graingrain ii

•• Free Free energyenergy

•• For For eacheach graingrain boundaryboundary

•• InclinationInclination dependencedependence
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Non-variational approach – equal
interface width

•• GinzburgGinzburg--LandauLandau type type equationsequations

•• NonNon--variationalvariational withwith respect to respect to KK--dependencedependence of of NN
•• SimilarSimilar to to MonteMonte Carlo Carlo PottsPotts approachapproach

•• DefinitionDefinition ‘‘grain grain boundaryboundary widthwidth’’
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Grain boundary properties

•• Grain Grain boundaryboundary energyenergy

•• Grain Grain boundaryboundary mobilitymobility

•• Grain Grain boundaryboundary widthwidth

•• IterativeIterative algorithmalgorithm
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Numerical validation

•• ShrinkingShrinking grain:grain:

•• Triple Triple junctionjunction angles:angles:

•• ObservationsObservations
•• AccuracyAccuracy controlledcontrolled byby
•• Diffuse interface Diffuse interface effectseffects for for 
•• Angles Angles outsideoutside [100[100°°--140140°°] ] requirerequire largerlarger for for samesame accuracyaccuracy

2
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,αγ βγ αγ βγσ σ µ µ= =
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Variational approach – interface width
varies with interface energy

•• AnisotropyAnisotropy onlyonly throughthrough γi,j, , κ=cte

•• EnergyEnergy

•• KineticKinetic equationsequations
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Rotation invariance of the model

•• MathematicallyMathematically, the model , the model equationsequations are invariant to rotation, but are invariant to rotation, but ……
•• the the orderorder parametersparameters representrepresent orientationsorientations in a in a fixedfixed referencereference frame.frame.

•• The The precisionprecision of of DD dependsdepends on the on the numericalnumerical setup, setup, 

•• For the model to For the model to bebe rotationalrotational invariant in practice, invariant in practice, lowerlower limitlimit of of 
amountamount of of orderorder parametersparameters pp::

L
h∆≈∆

α
α

cos
1

hn
L

p
∆

> π2

grid spacing grid spacing ''hh

physical width of domain physical width of domain LL

rotational symmetry rotational symmetry nn

J. Heulens and N. Moelans, Scripta Mat. (2010)
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Extension to multi-component multi-
phase alloys

•• Phase Phase fieldfield variables:variables:

•• GrainsGrains

•• Composition Composition 

•• BulkBulk energyenergy::

•• withwith
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Extension to multi-component multi-
phase alloys

•• Bulk and interface Bulk and interface diffusiondiffusion::

WithWith andand

•• Interface Interface movementmovement::

•• BetweenBetween phase phase DD and and EE
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Numerical validation for multi-
component multi-phase model

•• ProcessesProcesses for for whichwhich v(t)v(t)

•• Conclusions for grain Conclusions for grain 
growthgrowth model model remainremain

–– AccuracyAccuracy controlledcontrolled
byby

–– Diffuse interface Diffuse interface 
effectseffects for for 

–– Angles Angles outsideoutside [100[100°°--
140140°°] ] requirerequire largerlarger
resolutionresolution for for 
samesame accuracyaccuracy

/num x∆A

/ 5num R >A

/num x∆A

••GrowingGrowing spheresphere

••CoarseningCoarsening

••Triple Triple junctionjunction

•• IntermediateIntermediate phasephase
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Bounding Box Implementation

•• Basic elementsBasic elements
•• A grain is set of connected grid points r where |A grain is set of connected grid points r where |eta_i(reta_i(r)| > epsilon)| > epsilon
•• For each grain, the  corresponding bounding box is the smallest For each grain, the  corresponding bounding box is the smallest 

cuboidcuboid containing the graincontaining the grain

Algorithm
Solve the equations only locally,

inside bounding boxes
Only values inside boxes are

kept in memory
Boxes grow or shrink with grain

Object Oriented C++ implementation

•• In collaboration In collaboration withwith L. L. VanherpeVanherpe and S. and S. 
VandewalleVandewalle, K.U. Leuven (, K.U. Leuven (VanherpeVanherpe et al., et al., 
PRE, PRE, 76, n76, n°°056702 (2007))056702 (2007))



Application examples

•• Grain Grain growthgrowth in in anisotropicanisotropic systemssystems withwith a a fiberfiber
texturetexture

•• In collaboration In collaboration withwith F. F. SpaepenSpaepen, , 
Harvard Harvard UniversityUniversity
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Grain growth in columnar films with
fiber texture

•• Grain Grain boundaryboundary energyenergy::
•• FourfoldFourfold symmetrysymmetry
•• Extra Extra cuspcusp atat TT = 37.5= 37.5°°
•• ReadRead--shockleyshockley

•• DiscreteDiscrete orientationsorientations

•• Constant Constant mobilitymobility
•• InitiallyInitially randomrandom grain orientation grain orientation 

and grain and grain boundaryboundary type type 
distributionsdistributions

White: θ = 1.5
Gray: θ = 3
Red: θ = 37,5
Black: θ > 3, θ � 37.5

1 2 60, ,..., ( , ),..., 1.5i r tη η η η θ⇒ ∆ = °
G

2D simulation2D simulation

<0 0 1>
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Simulations: 1 high-angle energy cusp

White: T� ����
Gray: T� ��
Black: T�!����T � 37.5
Red: T = 37,5

•• HighHigh--angle grain angle grain boundariesboundaries
formform independentindependent networknetwork

•• LowLow--angle grain angle grain boundariesboundaries
followfollow movementmovement of of highhigh--angle angle 
grain grain boundariesboundaries elongateelongate

•• No stable quadruple No stable quadruple junctionsjunctions
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Misorientation distribution function
(MDF)

•• Area Area weigthedweigthed MDFMDF

•• ReachesReaches a a steadstead--statestate
•• LowLow energyenergy boundariesboundaries lengthenlengthen + + theirtheir numbernumber increasesincreases

ReadRead--ShockleyShockley + + cuspcusp atat θθ = 37.5= 37.5°°
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Grain growth kinetics

ReadRead--ShockleyShockley ((TTmm=15=15°°) + ) + cuspcusp atat TT=37.5=37.5°°

•• Grain Grain growthgrowth exponentexponent
•• PFM: PFM: steadysteady--state state 

growthgrowth withwith

•• PreviousPrevious findingsfindings::

•• MeanMean fieldfield analysisanalysis::
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N. Moelans, F. N. Moelans, F. SpaepenSpaepen, P. , P. WollantsWollants, , 
Phil. Mag., 90 p 501Phil. Mag., 90 p 501--523 (2010)523 (2010)



Application examples

•• CoarseningCoarsening of Alof Al66Mn Mn precipitatesprecipitates locatedlocated on a on a 
recrystallizationrecrystallization front in Alfront in Al--Mn Mn alloysalloys

In collaboration In collaboration withwith A. A. MirouxMiroux, E. , E. 
AnselminoAnselmino, S. van der , S. van der ZwaagZwaag, T. U. Delft, T. U. Delft
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Jerky motion during recrystallization in 
Al-Mn alloy

•• InIn--situ EBSD observation of situ EBSD observation of 
recrystallizationrecrystallization in AA3103 in AA3103 atat 400 400 °°CC

•• CamScanCamScan X500 Crystal Probe X500 Crystal Probe 
FEGSEMFEGSEM

•• JerkyJerky grain grain boundaryboundary motionmotion
•• StoppingStopping time: 15time: 15--25 s25 s
•• PinningPinning by secondby second--phase phase 

precipitatesprecipitates
–– AlAl66((Fe,MnFe,Mn), ), DD--AlAl1212((Fe,MnFe,Mn))33SiSi

•• AddedAdded to phase to phase fieldfield modelmodel
•• Grain Grain boundaryboundary diffusiondiffusion
•• DrivingDriving force for force for recrystallizationrecrystallization

20Pm
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Phase field model

•• Multiple order parameter Multiple order parameter 
representationrepresentation::

•• Mn Mn compositioncomposition field:field:

•• HomogeneousHomogeneous drivingdriving pressurepressure
forfor recrystallizationrecrystallization: : md

•• Bulk Bulk diffusiondiffusion + + SurfaceSurface diffusiondiffusion

,1 ,2 ,( , ), ( , ),..., ( , ),...m m p ir t r t r tη η η
G G G

( , )Mnx r t
G

,1 ,2 ,( , ,..., ,...) (1,0,...,0,...), (0,1,...,0,...),...(0,0,...,1,...),...m m p iη η η =
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Material properties at 723K

DD0,p0,p = D= D0,0,bulkbulk, , QQpp = 0.65Q= 0.65Qbulkbulk

DDpp = = 1.21951.2195··1010--12 12 mm22/s/s
Pipe diffusion Pipe diffusion highhigh angle angle boundariesboundaries, , 
precipitateprecipitate//matrixmatrix interfaceinterface

DD0,0,bulkbulk = 10= 10--22 mm22/s, /s, QQbulkbulk = 211 kJ/mol= 211 kJ/mol
DDbulkbulk = 5.5973= 5.5973··1010--1818 mm22/s/s

Mn diffusion in Mn diffusion in fccfcc AlAl

γγprpr = 0.3 J/m= 0.3 J/m22InterfacialInterfacial energyenergy AlAl66Mn Mn precipitatesprecipitates

AAm m = 6= 6··10101111; x; xmm
0 0 = 0.000258= 0.000258

AApp = 6= 6··10101212; x; xpp
0 0 = 0.1429= 0.1429

BulkBulk energyenergy densitydensity: : ffρρ = A= Aρρ(x(x--xxρρ
00))22

ccMnMn = 0.3 w% (0.1474 = 0.3 w% (0.1474 atat%)%)
((PhDPhD thesisthesis LokLok 2005)2005)

ActualActual composition of composition of matrixmatrix
((supersaturatedsupersaturated))

ccMn,eqMn,eq = 0.0524 w% (0.02456 = 0.0524 w% (0.02456 atat%)%)
((PhDPhD thesisthesis LokLok 2005)2005)

EquilibriumEquilibrium composition of composition of matrixmatrix

MMhh = 2.94= 2.94··1010--1111 mm22s/kgs/kg
((MirouxMiroux et et al.,Materal.,Mater. . SciSci. Forum,467. Forum,467--470,393(2004))470,393(2004))

MobilityMobility highhigh angle grain angle grain boundaryboundary
AtAt solutesolute content 0.3w% Mncontent 0.3w% Mn

γγhh = 0.324 J/m= 0.324 J/m22Grain Grain boundaryboundary energyenergy highhigh angleangle
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Precipitate coarsening and unpinning

•• PPDD < P< PZS ZS ((PPDD §§ PPZSZS))
•• PinningPinning: P: PZSZS=3.6=3.6 MPaMPa
•• Rex: PRex: PDD=3.1 =3.1 MPaMPa

•• UnpinningUnpinning mainlymainly throughthrough surface surface 
diffusion diffusion aroundaround precipitatesprecipitates

0.9µm x 0.375µm

2 2
x yJ J J= +

6 s

7·10-10
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Precipitate coarsening and unpinning

•• PPDD <<< P<<< PZSZS

•• PinningPinning: P: PZSZS = 3.6 = 3.6 MPaMPa
•• Rex: PRex: PDD = 1.1 = 1.1 MPaMPa

0.9µm x 0.375µm

•• UnpinningUnpinning throughthrough grain grain 
boundaryboundary diffusiondiffusion

2 2
x yJ J J= +

8 s

1.7·10-10



Application examples

•• CoarseningCoarsening and diffusion and diffusion controlledcontrolled growthgrowth in in leadlead--
free solder jointsfree solder joints

WithinWithin the the frameworkframework of COST MPof COST MP--0602 0602 
((Advanced Solder Materials for High Advanced Solder Materials for High 
Temperature ApplicationTemperature Application), Chairs A. ), Chairs A. KroupaKroupa
and A. Watsonand A. Watson
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Coarsening in Sn(-Ag)-Cu solder joints

•• IMC formation and IMC formation and growthgrowth –– precipitateprecipitate growthgrowth –– KirkendalKirkendal voidsvoids ––
stresses stresses –– grain grain boundaryboundary diffusiondiffusion

–– CALPHAD description CALPHAD description 
–– Diffusion coefficients, Diffusion coefficients, growthgrowth coefficient for IMCcoefficient for IMC--layerslayers

SEM-image of Sn – 3.8Ag–0.7 Cu alloy after
annealing for 200h at 150°C (Peng 2007)

Annealing 
temperature: 

180 °C

Eutectic
 Composition: 
Sn-2at%Cu

Cu Sn
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Phase field model

( ),1 ( ),2 ,( , ,..., ,...)

(1,0,...,0,...), (0,1,...,0,...),...(0,0,...,1,...),...
Cu Cu iρη η η =

3 3

6 5 6 5

( ),1 ( ),2 ( ),

,1 ,2

,1 ,2

( ),1 ( ),2 ( )

, ,..., ( , ),...,

, ,...

, ,...

, ,... ,...

Cu Cu Cu i

Cu Sn Cu Sn

Cu Sn Cu Sn

Sn Sn Sn i

r tη η η
η η
η η
η η η

G
•• Multiple order parameter model:Multiple order parameter model:

•• GrainsGrains and and phasesphases

–– withwith

•• CompositionComposition field:field: ( , )Snx r t
G
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CALPHAD Gibbs energies

•• COST 531COST 531--v3v3--0 0 databasedatabase (+ (+ parabolicparabolic extensions)extensions)

CuCu--SnSn

T=180 T=180 °°CC

A. Dinsdale, et al. COST 531-Lead 
Free Solders: Atlas of Phase 
Diagrams for Lead-Free Soldering, 
vols. 1,2 (2008) ESC-Cost office 



35
Nele Moelans
Third annual workshop HERO-M, Saltsjöbaden, 
Sweden, May 17-18, 2010

IMC-layer growth (1D)

•• EffectEffect bulkbulk diffusion coefficientdiffusion coefficient
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−
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=
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6
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⇒ = ⋅
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k

k

−

−

⇒ = ⋅
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( ) 12 210 m /sSn
SnD −=
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Comparison with experimental data

0.0071 100.0071 10--660.0043 100.0043 10--66200 200 °°CC

0.0038 100.0038 10--660.0032 100.0032 10--66180 180 °°CC

0.00032 100.00032 10--660.0010 100.0010 10--66150 150 °°CC

k_Cu6Sn5k_Cu6Sn5k_Cu3Snk_Cu3SnTT
( ) 25 2

3 15 2

6 5 15 2

( ) 12 2

10 m /s
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10 m /s

10 m /s

Cu
Sn

Cu Sn
Sn

Cu Sn
Sn

Sn
Sn

D

D

D

D

−

−

−

−

=

=

=

=

ParabolicParabolic growthgrowth constant constant experimentsexperiments

Cu3Sn, T = 180 Cu3Sn, T = 180 °°CC

ParabolicParabolic growthgrowth constant in constant in 
simulations simulations withwith

6
3

6
6 5

0.0023 10

0.0073 10
Cu Sn

Cu Sn

k

k

−

−

⇒ = ⋅

= ⋅

Cu6Sn5, T = 180 Cu6Sn5, T = 180 °°CC

••J. J. JanckzakJanckzak, EMPA, EMPA
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Effect of grain boundary diffusion

( ) 25 25 2

3 15 13 2

6 5 15 13 2

( ) 12 12 2

2 10 ,*2 10 m /s

2 10 ,*2 10 m /s

2 10 ,*2 10 m /s
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Cu
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Cu Sn
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Cu Sn
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Sn
Sn

D

D

D

D

− −

− −

− −

− −

= ⋅ ⋅

= ⋅ ⋅

= ⋅ ⋅

= ⋅ ⋅

20.25 J/mgbγ =

SnJ ↑
G
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Growth behavior Cu3Sn ?

••

( ) 25 2

3 15 2

6 5 15 2

( ) 12 2

12 2

2 10 m /s

2 10 m /s

2 10 m /s

2 10 m /s

D 2 10 m /s
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Cu Sn
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surf
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D

D

D

D

−

−
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−
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= ⋅
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= ⋅

= ⋅

Grain structureGrain structure Composition: Composition: xxSnSn
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Conclusions

•• WhatWhat do do wewe needneed nextnext to to improveimprove the quantitative the quantitative accuracyaccuracy of of 
phasephase--fieldfield modelsmodels ??

•• AccurateAccurate representationrepresentation of tripleof triple--junctionjunction angles angles outsideoutside [100[100°°--
140140°°] ] 

•• CALPHAD Gibbs CALPHAD Gibbs energiesenergies over full composition over full composition domaindomain, , 
alsoalso for for stoichiometricstoichiometric phases and phases and metastablemetastable regionsregions

•• Composition and orientation Composition and orientation dependentdependent expressions for expressions for 
diffusion and diffusion and interfacialinterfacial propertiesproperties
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Thank you for your attention !
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WebpageWebpage::

http://www.cs.kuleuven.behttp://www.cs.kuleuven.be
/conference/multiscale11//conference/multiscale11/
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Multi-grain and multi-phase models

•• MultiMulti--phasephase--fieldfield modelmodel
•• Phase Phase fieldsfields

•• Free Free energyenergy

–– Double obstacle, Double obstacle, higherhigher orderorder termsterms, gradient , gradient termterm
nonnon--variationalvariational

–– Interpolation: Interpolation: zerozero--slopeslope or or thermodynamicthermodynamic
consistencyconsistency

•• MultiMulti--orderorder parameterparameter modelsmodels
•• OrderOrder parametersparameters

•• InterfacialInterfacial energyenergy
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Multi-grain and multi-phase models

•• VectorVector valuedvalued modelmodel
•• Orientation Orientation fieldfield (   ) and phase (   ) and phase fieldfield (   )(   )

•• Free Free energyenergy

•• 22--phase solidificationphase solidification
•• Phase Phase fieldsfields

•• FifthFifth orderorder interpolation interpolation functionsfunctions ggii((II11,,II22,,II33))
–– ZeroZero--slopeslope and and thermodynamicthermodynamic consistentconsistent
–– OrderOrder ggii increasesincreases withwith numbernumber of phaseof phase--fieldsfields

•• MultiMulti--orderorder parameterparameter + 4th + 4th orderorder gradient gradient termsterms

•• Phase Phase fieldfield crystalcrystal and amplitude and amplitude equationsequations

int ( , | |, | |)f f φ φ θ= ∇ ∇

φ R. Kobayashi, J.A. Warren, 
W.C.  Carter, Physica D, 119 
(1998) p415

3

1 2 3
1

, , , 1i
i

ϕ ϕ ϕ ϕ
=

=∑

θ

R. Folch and M. Plapp, PRE, 72 
(2005) n° 011602

I.M. McKenna, M.P. Gururajan, 
P.W. Voorhees, J. Mater. Sci., 44 
(2009) p2206



44
Nele Moelans
Third annual workshop HERO-M, Saltsjöbaden, 
Sweden, May 17-18, 2010

Bounding Box Algorithm

•• Initialization by random nucleationInitialization by random nucleation
•• Generate sphereGenerate sphere--shaped grain uniformly over microstructureshaped grain uniformly over microstructure
•• Generate particles uniformly over microstructureGenerate particles uniformly over microstructure

•• SetSet--up sparse data structureup sparse data structure
•• Determine bounding box for every grainDetermine bounding box for every grain
•• Create object for every grainCreate object for every grain


