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 Abstract 

A variety of pyrometallurgical industries encounters production losses due to the mechanical en-

trainment of metallic droplets, i.e. the droplets are attached to solid particles in slags. The attached 

metal cannot settle, decreasing the efficiency of the phase separation. This results in inadequate 

decantation and eventually production losses in e.g. industrial Cu smelters and Pb reduction melting 

furnaces. 

Recent experimental results on this interaction indicate the importance of interfacial energies. Simu-

lations can give a more systematic insight into the observed phenomenon and the phase field model-

ling technique is well-suited for modelling microstructural evolution. In the present work, a phase 

field model describes a solid-liquid binary system with spinodal decomposition in the liquid near a 

non-reacting solid particle.  

The influence of the interfacial energies and the particle morphology on the attachment of metallic 

droplets to solid particles was investigated. Depending on the relative magnitudes of the interfacial 

energies, four different regimes were found, namely, non-wetting, low wettability, high wettability 

and full wettability.  

In the case of full or high wettability, the perimeter of the particle determines the amount of at-

tached metal. Moreover, the space available around the particle, determined by the shape and prox-

imity of other particles, can restrict the amount of attached metal. In practice, fewer but larger solid 

particles close to each other would provide less attached metal and thus a better phase separation. 
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1. Introduction 

Metal extraction is based on the distribution of metals and impurities between two or more phases 

of which at least one contains a high concentration of the desired metal, for example by the reduc-

tion of Fe-rich ore, steel is made in a blast furnace. The distribution of the main metals and impuri-

ties between the phases is based on thermodynamic laws and therefore driven by composition, tem-

perature, atmosphere, etc. Apart from the chemical distribution, the metals can only be recovered if 

a physical distribution also occurs. Here, a major issue is the entrainment of metal droplets in the 

oxide phase due to physical interactions between droplets and solid particles present in the liquid 

slag. This attachment creates production losses in industrial Cu smelters [1], Pb reduction melting 

furnaces [2] and other industries.  

As mentioned above, these metal-oxide systems are influenced by composition, temperature, at-

mosphere, etc. To improve phase separations, the fundamental mechanisms governing the attach-

ment of metal droplets to solid particles in liquid slags need to be identified which would require 

many experiments to investigate the influence of all parameters. Experimental investigation of this 

interaction has only started recently [3]. Consequently, available experimental results are scarce. 

However, the first experiments indicated that interfacial energies play an important role. The micro-

structure and composition of the phases can be investigated microscopically, but it is not straight-

forward to reveal the underlying chemical and physical phenomena as an experimental study of the 

effect of an individual parameter is very difficult, because it is almost impossible to keep the others 

constant.  

Modelling can assist in gaining understanding of the evolution of microstructures and gives a more 

systematic insight into the role of some material properties. The physical and chemical properties of 

the system are well-controlled and the effect of each property can be investigated separately. The 

phase field method is a very powerful and versatile modelling technique for microstructural evolu-

tion. It was already used to model solidification [4], [5], solid-state phase transformations [6] and 

solid-state sintering [7].  

In the phase field method, microstructures are represented by a set of field variables that are contin-

uous functions of space and time. At interfaces, the field variables vary smoothly between the equi-

librium values in the neighbouring grains. The position of the boundaries as a function of time is 

implicitly given by the field variables. This method avoids the mathematically difficult problems of 

applying boundary conditions at an interface whose position is part of the unknown solution. The 

phase field equations are derived from an energy functional according to thermodynamic principles. 

[8] 

The model in this work and in [9], [10] describes a hypothetical system and is used to simulate the 

growth of liquid metal droplets (formed due to spinodal decomposition and indicated by the varia-

tion in the metal fraction [11]–[13]) in an oxide melt with dispersed solid oxide particles (indicated 

with a phase field variable and assumed to be nonreactive). The influence of the interfacial tensions 
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and the size, shape and number of the solid particles on the behaviour of the liquid metal droplets is 

investigated. 

First, the formulation of the model is presented, then the numerical implementation and simulation 

parameters are introduced. After which the results are presented and discussed and these are finally 

summarized at the end. 

2. Model formulation 

This work introduces a model to describe the droplet formation and growth in the presence of solid 

particles. The combination of a non-conserved phase-field variable  and a conserved composition 

field xM enables the description of the microstructural evolution of an isothermal hypothetical bina-

ry O-M (oxide-metal) system at constant pressure.  is used to distinguish between the liquid phases 

( =0) and the solid particle ( =1) and xM represents the local molar fraction of the metallic element 

M. Both variables are position- and time-dependent and the position of the boundaries between the 

different phases is implicitly given by them, i.e. the variables continuously change from one bulk 

value to another bulk value over the interface. [8] 

It is assumed that the concentration of the solute in the precipitate is fixed and the molar volume Vm 

is the same in both phases and does not depend on composition. Moreover, convection is not in-

cluded. 

2.1. Evolution equations 

The microstructure evolution is driven by minimization of the total Gibbs energy. The evolution of 

the conserved variable is governed by the following mass balance equation 

  (1) 

The coefficient M (m
5
/ (J s)) is related to the interdiffusion coefficient D of the liquid as . 

κXM is the gradient energy coefficient for the liquid-liquid interfaces. 

 represents the bulk contribution of the solid phase. xS and AS (J/m³) are 

model parameters that determine the position of the minimum and the steepness of the parabola, 

describing the Gibbs energies as a function of the molar fraction of metal.  

Analogously,  represents the homogeneous part of 

the free energy of the liquid phase. The corresponding free energy curve has a slope of ASp and two 

minima at xeq,LO and xeq,LM. Where oxidic liquid (slag) is indicated with ‘LO’, and metallic liquid 

with ‘LM’. Initially, the uniform supersaturation of the oxidic liquid is xi, but this liquid decompos-

es spinodally into the two equilibrium compositions corresponding to the minima in the free energy 
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curve. Fluctuations are required to initiate spinodal decomposition: a random noise term, from a 

normal distribution with mean 0 and standard deviation 0.001, is added in every 100
th

 time step. 

Figure 1 displays the free energy curves of the liquid and solid phases. 

 

Figure 1: Free energy curves of the liquid (spinodal) and solid phases as a function of the mole 

fraction of metal M (here, for a solid phase with a fixed mole fraction of 0.70) 

The interpolation function h() has the form . With h( = 1) = 1 in 

the solid and h( = 0) = 0 in the liquid.  

The non-conserved phase field variable  evolves according to the following equation [14] 

 (2) 

Where W is the depth of the double well function and κ the gradient energy coefficient for the solid-

liquid interfaces. 

2.2. Interface properties 

Two types of interfaces are present: solid - liquid and liquid oxide - liquid metal. Both types are 

diffuse due to the gradient terms in the total energy expression. Following the approach of Cahn and 

Hilliard [12], the expression of the interfacial energy (J/m²) of the liquid-liquid interface γLO,LM is: 

  (3) 

Especially noteworthy about this model is the expression for the solid-liquid interfacial energy 

(J/m²) γS,Lk (with k = O or M, when the oxide or the metal liquid is involved, respectively) as it con-

sists of two contributions, 
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 (4) 

The first term arises following the approach of Allen and Cahn [14] and the second term from the 

fact that a solid-liquid interface implies a change in both the phase field variable  and the composi-

tional variable xM across the solid-liquid interface, yielding a non-zero gradient term for xM. This 

contribution cannot be evaluated analytically. Thus, the following assumption was made: the com-

position dependence of the Gibbs energy across the interface is approximated by a spinodal func-

tion. 

  (5) 

This gives, 

 (6) 

2.3. Constant parameters 

In this study, a hypothetical O-M system is considered and as the model parameters can be linked 

with physical system properties, a typical order of magnitude was chosen for most parameters. The 

model parameters are listed in Table 1. 

Table 1: Values and descriptions of several constant parameters in the model 

Model parameters 

Symbol Description Value(s) 

N System size 
[256 256 1] grid 

points 

Δx Grid spacing (4 ⁄√10) 10
-7

 m 

Δt Time steps spacing 10
-4

 s 

xeq,LO 

xeq,LM 

Equilibrium compositions of free energy curve of spinodal 

decomposition 

0.50 

0.98 

ASp Steepness of free energy curve of spinodal decomposition 4 10
8
 J/m³ 

AS Steepness of free energy curve of solid 20 10
8
 J/m³ 

W Depth of the double well function 15 10
6
 J/m³ 

κ Gradient energy coefficient for the solid-liquid interfaces (15/8) 10
6
 J/m 

L Kinetic coefficient for the evolution of  10
-30

 m³/(J s) 

Linitial 
Kinetic coefficient for the evolution of  for the first 1000 

time steps 
10

-7
 m³/(J s) 

κxM Gradient energy coefficient for the liquid-liquid interfaces 6 10
-6

 J/m 

M Mobility coefficient of the metal 10
-19

 m
5
/(J s) 

According to literature [15], [16], γLO,LM is of the order of 1 N/m.  Furthermore, the interfaces should 

at least contain five grid points for a sufficient resolution of the diffuse transitions at interfaces and 
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to reproduce accurately the surface energies [17]. With the values mentioned in Table 1, the liquid-

liquid interfacial energy possesses the following constant value: γLO,LM = 0.9030 N/m. And the inter-

facial widths possess the following values for all simulations: lLO,LM = 8.0687 grid points and lS,LO = 

7.9057 grid points for the interface between solid and liquid oxide and lS,LM = 7.9057 grid points for 

the interface between solid and liquid metal. M is chosen such that the diffusion coefficient D = 4 

10
-11 

m²/s. It is assumed that the particle does not transform, providing a very small value of L. 

Experimentally observed solid particles in slags have dimensions of the order of µm [3]. In the sim-

ulations the particle size of a single large rectangular particle is taken as 100 by 50 grid points, cor-

responding to 12.65 by 6.32 µm. For a system size of 256 by 256 grid points, corresponding to 

32.38 by  32.38  µm, the particle volume fraction is thus 0.0763  In reality, large variations are 

found (from 2-6 wt% [18] to 25 wt% [3]) for the particle volume fraction. The conditions of the slag 

production have a significant effect on this value. 

2.4. Variable parameters 

The effects of the solid-liquid interfacial energies and the perimeter per area of the particle were 

investigated in the present simulations. The reference system has a system size of [256 256 1], with 

a slag with initial supersaturation of xi = 0.63 and a particle of 100 by 50 grid points, unless stated 

otherwise. According to the lever rule, the metal fraction for this xi is then 0.271 and industrial met-

al fractions in slags are of the order of 5 % after decantation. But in this model, the minimal value 

of the metal fraction for a composition within the spinodal region is 0.211. The reference simulation 

time is 10
6
 time steps.  

2.4.1. Effect of S-L interfacial energy  

Because the solid is assumed not to react and its composition equals the constant xS, this parameter 

can be used to adapt the interfacial energy. The composition of the solid particle determines the 

value of the solid-liquid interfacial energies and thus, for a given γLO,LM, the contact angle, as de-

scribed by Young’s equation (7)  

  (7) 

The effect of the value of xS on the solid-liquid interfacial energies and the contact angle is demon-

strated in Table 2.  

Table 2: Variation in xS, the corresponding variation in the interfacial S-L energies and in the 

contact angle θ 

xS 
γS,LO 

(N/m) 

γS,LM 

(N/m) 

γLO,LM 

(N/m) 
 (°) 

0.4 1.2641 4.0093 0.903 / 

0.5 1.2500 2.8140 0.903 / 
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0.6 1.2641 2.0260 0.903 147.538 

0.7 1.3631 1.5604 0.903 102.621 

0.74 1.4455 1.4455 0.903 90.000 

0.8 1.6318 1.3325 0.903 70.643 

0.9 2.1551 1.2572 0.903 6.092 

0.95 2.5387 1.2504 0.903 / 

Non-wetting is expected for xS ≤ 0.57, a low wettability corresponding to 90°≤  ≤ 180° for xS be-

tween 0.58 and 0.74, a high wettability corresponding to 0°≤  ≤ 90° for xs between 0.74 and 0.90 

and full wetting with a non-existing contact angle for xS-values higher than 0.9.  

2.4.2. Effect of perimeter/area 

Several length/width ratios are used to investigate the influence of the perimeter per area, while the 

area of the particle remains constant and has a value of 2400 grid points, corresponding to a particle 

volume fraction of 0.0366.  

Table 3: Variation of the length/width ratio and the corresponding variation in perimeter while 

maintaining a constant area  

Length  

(grid points) 

Width  

(grid points) 

Area (A) 

(grid points) 

Perimeter (P)  

(grid points) 

50 48 2400 192 

60 40 2400 196 

80 30 2400 216 

160 15 2400 346 

2.5. Initialisation 

At the start of the simulation, the variables have sharp steps at the interfaces. A very small value of 

L is required because the particle is assumed to not react in these simulations. However, to allow the 

interface to become diffuse, a larger value of L is used during the first 1000 time steps (Table 

1Error! Reference source not found.).  

The spinodal decomposition used in this model provides metallic droplets in the initial microstruc-

ture, but it should be noted that it is not known whether spinodal decomposition is the real for-

mation mechanism for the metal droplets in slags. Thus, only the growth of the droplets, not their 

nucleation, can be interpreted physically in the simulations. It was verified that the conclusions on 

the growth behaviour described in this paper were also found using an alternative nucleation mech-

anism of the droplets. 
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2.6. Numerical implementation 

A commercial software package Matlab 8.1 (R2013a) [19] was used for all data processing and the  

semi-implicit Fourier spectral method [20] was employed to solve the kinetic equations numerical-

ly. 

2.7. Post-processing 

Quantitative results were obtained as the area of metallic phase attached to a particle and the frac-

tion of metallic phase attached to the particle. A metal droplet is defined as the connected domain 

for which 0.71 < xM -  xS holds. To investigate the attachment of the droplets to the solid particle, 

the droplet (defined as 0.71 < xM -  xS ) was enlarged with two grid point layers around the droplet 

and the particle (defined as 0.5 <  ) with three grid point layers. When these extended domains 

overlap, the droplets are considered to be ‘attached’. The total area of the attached droplets is de-

termined as the number of grid points located within attached droplets and multiplied by Δx². The 

fraction of attached metal is defined as the ratio of the total area of the attached droplets to the total 

area of metal droplets in the system (equation (16)).  

 (8) 

Moreover, contour plots of xM -  xS = 0.71 were obtained at different times during the simulations, 

to illustrate the evolution of the microstructure.  

2.8. Accuracy 

Several simulations were performed four times to investigate the spread of the results. The average 

and standard deviation of the results at the last time step were calculated. Standard deviations for 

the area and fraction of attached metal are at least one order of magnitude smaller than the average 

value. The graphs in the results section display error bars corresponding to the abovementioned 

standard deviations. This value is only significant when wetting occurs. Thus, if wetting occurs, the 

maximum value of the standard deviation for every wetting regime was plotted. 

3. Results and discussion 

3.1. General observations 

A solid particle changes the behaviour of the spinodal decomposition taking place in the surround-

ing liquid: three stages can be recognized, which are shown in Figure 2 for a solid particle with xS = 

0.60 in a system of size [512 512 1] with an initial supersaturation of xi = 0.63. First, localized spi-

nodal decomposition takes place near the particle, as shown in Figure 2c-d. Secondly, the remaining 
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supersaturated liquid also decomposes spinodally but in a non-localized way. This is visible in the 

corners of Figure 2d. Finally, Ostwald ripening (i.e., the growth of larger droplets and dissolution of 

smaller droplets, as indicated by the black arrows in Figure 2e and g) and coalescence (i.e., the 

merge of two droplets, as indicated by the black circles in Figure 2f) take place. 

Generally, the droplets were attached at various places on the particle with several configurations 

and varying in time. In this study the main focus was the final values of attached metal fractions in 

the simulations at a certain simulation time, situated in the coarsening regime. 

 

Figure 2: Illustration of the different stages in the spinodal decomposition near a solid particle at 

different time steps for the simulation with xi=0.63 and xs=0.60 in a system of size [512 

512 1] (a-g) with plots of xm- ϕ∙xS, scaled to the interval [0 1] such that values 

lower/higher than the minimum/maximum value are converted to the 
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minimum/maximum. The particle (defined as 0.5 < ) appears as a blue rectangle. (h) A 

summary of this in a series of contour plots of xM - ϕ∙xS = 0.71 (definition of metal 

droplets) at different time steps with the corresponding legend on the right (this legend 

will be the same throughout this paper)  

3.2. Effect of S-L interfacial energy 

The variation of the parameter xS was used to study the effect of the solid-liquid interfacial energies 

on the attachment of the droplets to the particle (see equation 6). The predicted interfacial energies, 

contact angles and subdivision in wetting regimes, together with the contour plots at time step 10
6
 

for the systems with xi-values of 0.61 are shown in Table 4. 

Table 4: Influence of the xS-value on the interfacial energies, predicted contact angle and wetting 

behaviour, illustrated by contour plots for xi=0.61 

xs 
γS,LO 

(N/m) 

γS,LM 

(N/m)  

γLO,LM 

(N/m) 
 (°) Wetting behaviour 

Contour plots 

for xi=0.61 

0.4 1.2641 4.0093 0.903 / 
Non-wetting: 

only oxide attached 

  

&  

50 100 150 200 250

50

100

150

200

250

 

0.5 1.2500 2.8140 0.903 / 

50 100 150 200 250

50

100

150

200

250

 

0.6 1.2641 2.0260 0.903 147.538 Low wettability: 

predominantly oxide 

attached 

 

&  

50 100 150 200 250

50

100

150

200

250

 

0.7 1.3631 1.5604 0.903 102.621 

50 100 150 200 250

50

100

150

200

250

 

0.8 1.6318 1.3325 0.903 70.643 

High wettability: 

predominantly metal 

attached 

 
50 100 150 200 250

50

100

150

200

250
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0.9 2.1551 1.2572 0.903 6.092 

&  

50 100 150 200 250

50

100

150

200

250

 

0.95 2.5387 1.2504 0.903 / 

Full wetting: 

only metal attached 

 

&  
50 100 150 200 250

50

100

150

200

250

 

Generally, a lower contact angle results in an increasing amount of attached metal and two features 

seem to influence the behaviour of the droplets: Ostwald ripening due to the Gibbs-Thomson effect 

and an effect due to the interfacial energies between the solid and the different liquids. Four differ-

ent wetting behaviours are observed. 

 Non-wetting: non-existing  or  = 180° (xS ≤ 0.58). 

The liquid oxide is preferentially attached to the solid instead of the metallic liquid phase, be-

cause γS,LO is much smaller than γS,LM.  Furthermore, the absolute value of the difference be-

tween these two S/L interfacial energies is larger than 0.903 (the value of γLO,LM), resulting in 

a non-existing contact angle, i.e. only liquid oxide is attached to the solid particle.  

 Low wettability: 90° ≤  ≤ 180° (xS = 0.58 - 0.74 ) 

γS,LM  remains the larger quantity, which still favours the attachment of liquid oxide to the par-

ticle, but to a lesser extent because the absolute value of the difference between γS,LO and γS,LM  

becomes smaller than 0.903. Thus, only a small fraction of the particle’s surface is covered by 

metallic droplets.  

 High wettability: 0° ≤  ≤ 90° (xS = 0.74 - 0.90)  

The γS,LM value becomes smaller than γS,LO and thus the metallic liquid is preferentially at-

tached to the solid, but the absolute value of the difference between γS,LO and γS,LM remains 

smaller than 0.903, resulting in the majority of the particle’s surface being wetted by metallic 

droplets. 

 Full wetting (xS > 0.90) 

The absolute value of the difference between γS,LO and γS,LM is larger than 0.903 and γS,LO is 

the larger one of the two. Thus, a metal layer forms on the solid.  

3.3. Effect of perimeter/area 

The aspect ratio of the rectangular particle is changed to investigate the influence of the perimeter 

per area on the attachment of the metal. Because the area was kept constant during the simulations, 

the variation of the perimeter will have the same result as a variation of the perimeter/area.  
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All these simulations were performed for an initial supersaturation of xi = 0.63 and a composition of 

the solid particle of xS = 0.60 ( = 147.5°, corresponding to low wettability) and of xS = 0.80 ( = 

70.6°, corresponding to high wettability) in a system of size [256 256 1]. The results are shown in 

Figure 3. 

 

Figure 3: Influence of the perimeter of a rectangular particle on the area and the fraction of the 

metallic phase attached to the solid for xi=0.63 and xS=0.60 (θ=147.5°) or xS=0.80 

(θ=70.6°); the aspect ratios of the rectangles are mentioned as labels to the closed data 

points; the error bars with the large (small) base correspond to the error made for 

xS=0.80 (0.60) or the open (closed) symbols. 

When the perimeter per area increases, it is expected that a larger amount of metal can be attached 

to the particle. This is, however, only observed in the case of high wettability (xS = 0.80). As most 

of the particle’s surface is expected to be covered by the metal, the expectations are met. For low 

wettability, on the contrary, the particle is mostly covered by liquid oxide, resulting in an insignifi-

cant influence of the perimeter/area, as indicated by the closed symbols for xS = 0.60.  

It should also be mentioned that the shape of the particle has a certain influence: if the shape of the 

particle is closer to a sphere, e.g. for the rectangular particles investigated in this study this means a 
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small perimeter, the amount of metal to be attached will be smaller to achieve an energetically pre-

ferred spherical shape of the droplet. In contrast, a shape completely different from a sphere, e.g. a 

stretched rectangular particle, is ‘less spherical’ and thus, more metal is required to achieve the en-

ergetically preferred spherical shape of a droplet. This is illustrated in Figure 4. 

 

Figure 4: Contour plots of xm=0.71 at different times in the simulations to illustrate the influence 

of the perimeter per area of the particles on the attachment of the droplets to the particle 

in low and high wettability regimes 

Facetted growth is typical for spinel particles, resulting in particle shapes close to rectangles. Ob-

servations of industrial slags and experiments with synthetic slags [21] show that these particles can 

also possess cavities with a connection to the slag by a channel. Sometimes droplets are found to be 

present inside these cavities, as shown in Figure 5. This was approximated in simulations, of which 

the resulting contour plots for both low and high wettability are shown in Figure 6. 
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Figure 5: Experimentally obtained micrographs of Cu droplets within a cavity inside a solid parti-

cle indicated by white circles [21] 

 

Figure 6: Contour plots of xm=0.71 at different times in the simulations to investigate a cavity and 

a channel in a particle as an approximation of the experimentally observed particle in 

Figure 5 in low (xS = 0.60) and high (xS = 0.80) wettability regimes 

The cavity has the most influence in the case of high wettability: the droplet first grows inside the 

cavity, which then restricts further growth of the droplet. Thus the cavity provides the particle with 

a large perimeter per area but in the meantime it also limits the amount of attached metal. Thus, the 

amount of attached metal is relatively low for such a large perimeter/area ratio in the case of high 

wettability. In contrast, for low wettability: if a droplet is formed inside the cavity, it is either 

trapped there or it dissolves again and the amount of attached metal is only slightly lower for such a 

large perimeter/area.  Therefore, an important conclusion is that not only the perimeter, but also the 

space available for the droplet to grow is important.  

xS = 0.60 xS = 0.80 

50 100 150 200 250

50

100

150

200

250

 50 100 150 200 250

50

100

150

200

250

 

 

 



 Modelling attachment of metal droplets to solid particles in liquid slags 

Proceedings of EMC 2015 15 

4. Conclusions 

In industry, when a fraction of the metallic phase is attached to the solid particles in the slag, this 

fraction cannot settle and the yield of the phase separation will decrease, which in turn means an 

important loss of valuable metals.  

This study investigates the influences of the interfacial energies and the particle perimeter per area 

on the attachment of liquid metal droplets to solid particles in liquid slags with a phase field model. 

This model describes a two-phase solid-liquid system with spinodal decomposition in the liquid. 

The solid particles do not react with the liquid.  

Spinodal decomposition near a solid particle takes place in three stages: first, ‘localized’ spinodal 

decomposition in the proximity of the particle, then, non-localized decomposition in the remaining 

supersaturated liquid and finally, Ostwald ripening and coalescence.  

Four wetting regimes were obtained with the variation of the interfacial energies: no wettability of 

the metal on the particle, low wettability, high wettability and full wetting.  

The perimeter influences the amount of attached metal in the case of high wettability, but not for 

low wettability. Moreover, the available space for the droplet growth is an important factor. This 

study indicates that better phase separations in a high wettability regime would result from fewer, 

but larger solid particles close together. 

The solid particles and metallic droplet interacted by differences in interfacial energies, in this 

study, but actually chemical reactions between the solid and the two liquid phases are possible. This 

could be incorporated in the model in future investigations.  
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