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Abstract

The phase-field method has become an important and extremely versatile technique for simulating microstructure evolution at the mesoscale.
Thanks to the diffuse-interface approach, it allows us to study the evolution of arbitrary complex grain morphologies without any presumption on
their shape or mutual distribution. It is also straightforward to account for different thermodynamic driving forces for microstructure evolution,
such as bulk and interfacial energy, elastic energy and electric or magnetic energy, and the effect of different transport processes, such as mass
diffusion, heat conduction and convection. The purpose of the paper is to give an introduction to the phase-field modeling technique. The concept
of diffuse interfaces, the phase-field variables, the thermodynamic driving force for microstructure evolution and the kinetic phase-field equations
are introduced. Furthermore, common techniques for parameter determination and numerical solution of the equations are discussed. To show the
variety in phase-field models, different model formulations are exploited, depending on which is most common or most illustrative.
c© 2007 Elsevier Ltd. All rights reserved.
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1. Introduction

Most materials are heterogeneous on the mesoscale. Their
microstructure consists of grains or domains, which differ in
structure, orientation and chemical composition. The physical
and mechanical properties on the macroscopic scale highly
depend on the shape, size and mutual distribution of the
grains or domains. It is, therefore, extremely important to
gain insight in the mechanisms of microstructure formation
and evolution. However extensive theoretical and experimental
research are hereto required, as microstructure evolution
involves a large diversity of often complicated processes.
Moreover, a microstructure is inherently a thermodynamic
unstable structure that evolves in time. Within this domain,
the phase-field method has become a powerful tool for
simulating the microstructural evolution in a wide variety of
material processes, such as solidification, solid-state phase
transformations, precipitate growth and coarsening, martensitic
transformations and grain growth.

The microstructures considered in phase-field simulations
typically consist of a number of grains. The shape and mutual
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distribution of the grains is represented by functions that are
continuous in space and time, the phase-field variables. Within
the grains, the phase-field variables have nearly constant values,
which are related to the structure, orientation and composition
of the grains. The interface between two grains is defined
as a narrow region where the phase-field variables gradually
vary between their values in the neighboring grains. This
modeling approach is called a diffuse-interface description.
The evolution of the shape of the grains, or in other words
the position of the interfaces, as a function of time, is
implicitly given by the evolution of the phase-field variables.
An important advantage of the phase-field method is that,

thanks to the diffuse-interface description, there is no need
to track the interfaces (to follow explicitly the position of
the interfaces by means of mathematical equations) during
microstructural evolution. Therefore, the evolution of complex
grain morphologies, typically observed in technical alloys, can
be predicted without making any a priori assumption on the
shape of the grains. The temporal evolution of the phase-
field variables is described by a set of partial differential
equations, which are solved numerically. Different driving
forces for microstructural evolution, such as a reduction in
bulk energy, interfacial energy and elastic energy, can be
considered. The phase-field method has a phenomenological
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character: the equations for the evolution of the phase-field
variables are derived based on general thermodynamic and
kinetic principles; however, they do not explicitly deal with the
behavior of the individual atoms. As a consequence, material
specific properties must be introduced into the model through
phenomenological parameters that are determined based on
experimental and theoretical information.

Nowadays, the phase-field technique is very popular for
simulating processes at the mesoscale level. The range of
applicability is growing quickly, amongst other reasons because
of increasing computer power. Besides solidification [1] and
solid-state phase transformations [2], phase-field models are
applied for simulating grain growth [3], dislocation dynamics
[4–6], crack propagation [7,8], electromigration [9], solid-
state sintering [10–12] and vesicle membranes in biological
applications [13,14]. In current research, much attention is also
given to the quantitative aspects of the simulations, such as
parameter assessment and computational techniques.

The aim of the paper is to give a comprehensive introduction
to phase-field modeling. The basic concepts are explained
and illustrated with examples from the literature to show the
possibilities of the technique. Numerous references for further
reading are indicated.

2. Historical evolution of diffuse-interface models

More than a century ago, van der Waals [15] already
modeled a liquid–gas system by means of a density
function that varies continuously at the liquid–gas interface.
Approximately 50 years ago, Ginzburg and Landau [16]
formulated a model for superconductivity using a complex
valued order parameter and its gradients, and Cahn and
Hilliard [17] proposed a thermodynamic formulation that
accounts for the gradients in thermodynamic properties in
heterogeneous systems with diffuse interfaces. The stochastic
theory of critical dynamics of phase transformations from
Hohenberg and Halperin [18] and Gunton et al. [19] also results
in equations that are very similar to the current phase-field
equations. Nevertheless, the concept of diffuse interfaces was
introduced into microstructural modeling only 20 years ago.
There are essentially two types of phase-field model that have
been developed independently by two communities.

The first type of phase-field model was derived by
Chen [20] and Wang [21] from the microscopic theory of
Khachaturyan [22,23]. The phase-field variables are related
to microscopic parameters, such as the local composition and
long-range order parameter fields reflecting crystal symmetry
relations between coexisting phases. The model has been
applied to a variety of solid-state phase transformations
(see [2] for an overview) that involve a symmetry reduction,
for example the precipitation of an ordered intermetallic
phase from a disordered matrix [24–26] and martensitic
transformations [27,28]. It was also applied to ferroelectric
[29,30] and magnetic domain evolution [31] and can account
for the influence of elastic strain energy on the evolution of
the microstructure. The group of Chen at Pennsylvania State
University (USA), the group of Wang at Ohio State University

(USA) and the group of Khachaturyan at Rutgers University
(USA) are leading within this phase-field community. Similar
phase-field models are used by Miyazaki [32,33] (Nagoya
Institute of Technology, Japan) and Onuki and Nishimori [34]
(Kyoto University, Japan) to describe spinodal decomposition
in materials with a composition-dependent molar volume and
by Finel and Le Bouar (ONERA, France) for describing the
interaction of stress, strain and dislocations with precipitate
growth and structural phase transitions [5,35,36].

In the second type of phase-field model, a phenomenological
phase-field is used purely to avoid tracking the interface.
The idea was introduced by Langer [37] based on one
of the stochastic models of Hohenberg and Halperin [18].
The model is mainly applied to solidification, for example
to study the growth of complex dendrite morphologies,
the microsegregation of solute elements and the coupled
growth in eutectic solidification (see [1,38] for an overview).
Important contributions were, amongst others, due to Caginalp
(University of Pittsburgh, USA) [39,40], Penrose and Fife [41],
Wang and Sekerka [42], Kobayashi [43], Wheeler, Boettinger
and McFadden (NIST, USA and University of Southampton,
UK) [44–48], Kim and Kim (Kunsan National University
and Chongju University, Korea) [49], Karma (Northeastern
University, USA) and Plapp (Ecole Polytechnique, France)
[50–54] and at the Royal Institute of Technology (Sweden) [55–
57]. Multiphase-field models for systems with more than two
coexisting phases were formulated by Steinbach et al. [58,
59] (Access, Germany) and Nestler (Karlsruhe University of
Applied Sciences, Germany), Garcke and Stinner (University
of Regensburg, Germany) [60,61]. Vector-valued phase-field
models in which the phase-field is combined with an orientation
field for representing different crystal or grain orientations have
been developed by Kobayashi (Hokkaido University, Japan),
Warren (NIST, USA) and Carter (MIT, USA) [62,63] and by
Gránásy et al. (Research institute for solid state physics and
optics, Hungary) [64].

3. Sharp-interface versus diffuse-interface models

There is a wide variety of phase-field models, but common
to all is that they are based on a diffuse-interface description.
The interfaces between domains are identified by a continuous
variation of the properties within a narrow region (Fig. 1a),
which is different from the more conventional approaches for
microstructure modeling as for example used in DICTRA.1

In conventional modeling techniques for phase transforma-
tions and microstructural evolution, the interfaces between dif-
ferent domains are considered to be infinitely sharp (Fig. 1b),
and a multi-domain structure is described by the position of
the interfacial boundaries. For each domain, a set of differential
equations is solved along with flux conditions and constitutive
laws at the interfaces. For example, in the case of diffusion con-
trolled growth of one phase α at the expense of another phase β,

1 Software for simulating DIffusion Controlled phase TRAnsformations
from Thermo-Calc Software (http://www.thermocalc.se).
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Fig. 1. (a) Diffuse interface: properties evolve continuously between their
equilibrium values in the neighboring grains. (b) Sharp interface: properties
are discontinuous at the interface.

a diffusion equation for the solute concentration c (mol/m3) is
solved in each phase domain

∂cα

∂t
= Dα

∇
2cα, for phase α (1)

∂cβ

∂t
= Dβ

∇
2cβ , for phase β (2)

subject to a flux balance that expresses solute conservation at
the interface

(cα,int
− cβ,int) = Dβ ∂cβ

∂r1
− Dα ∂cα

∂r1
(3)

and the constitutional requirement that both phases are in
thermodynamic equilibrium at the interface

µα(cα,int) = µβ(cβ,int). (4)

cα and cβ are the molar concentrations of the solute
element in respectively the α-phase and the β-phase, Dα

and Dβ the diffusion coefficients and cα,int and cβ,int the
molar concentrations at the interface. µα and µβ represent
the chemical potentials of the solute for respectively the
α-phase and the β-phase. r1 is the spatial coordinate along
the axis perpendicular to the interface. This sharp-interface
methodology requires explicit tracking of the moving interface
between the α-phase and the β-phase, which is extremely
difficult from a mathematical point of view for the complex
grain morphologies in real alloys. Sharp-interface simulations
are mostly restricted to one-dimensional systems or simplified
grain morphologies that, for example, consist of spherical
grains.

In the diffuse-interface approach, the microstructure is
represented by means of a set of phase-field variables that are
continuous functions of space and time. Within the domains,
the phase-field variables have the same values as in the sharp-
interface model (see Fig. 1a). However, the transition between
these values at interfaces is continuous. The position of the
interfaces is thus implicitly given by a contour of constant
values of the phase-field variables and the kinetic equations for
microstructural evolution are defined over the whole system.
Using a diffuse-interface description, it is possible to predict
the evolution of complex grain morphologies as well as a
transition in morphology, like the splitting or coalescence of

precipitates and the transition from cellular to dendritic growth
in solidification. Furthermore, no constitutional relations of
the form (4) are imposed at the interfaces. Therefore, non-
equilibrium effects at the moving interfaces, like solute drag
and solute trapping, can be studied as a function of the velocity
of the interface. Flux conditions are implicitly considered in the
kinetic equations.

4. Phase-field variables

In the phase-field method, the microstructural evolution
is analyzed by means of a set of phase-field variables that
are continuous functions of time and spatial coordinates.
A distinction is made between variables related to a
conserved quantity and those related to a non-conserved
quantity. Conserved variables are typically related to the
local composition. Non-conserved variables usually contain
information on the local (crystal) structure and orientation. The
set of phase-field variables must capture the important physics
behind the phase transformation or coarsening process. Since
redundant variables increase the computational requirements,
the number of variables is also best kept minimal.

4.1. Composition variables

Composition variables like molar fractions or concentrations
are typical examples of conserved properties, since the number
of moles of each component in the system is conserved. Assume
a system with C components and ni , i = 1 . . .C , the number
of moles of each component i . Then the molar fraction xi and
molar concentration ci (mol/m3) of component i are defined as

xi =
ni

ntot
(5)

and

ci =
ni

V
=

xi

Vm
, (6)

where ntot =
∑

ni is the total number of moles in the system,
Vm the molar volume and V the total volume of the system. At
each position −→r in the system

C∑
i=1

xi = 1 en
C∑

i=1

ci =
ntot

V
=

1
Vm
. (7)

As a consequence, the composition field is completely defined
by C − 1 molar fraction fields xi (

−→r ), or C − 1 molar
concentration fields ci (

−→r ) in combination with the molar
volume Vm. Since in a closed system the total number of moles
of each component is conserved, the temporal evolution of
each molar fraction field xi (

−→r ) or concentration field ci (
−→r )

is restricted by the integral relation∫
V

ci d−→r =
1

Vm

∫
V

xi d−→r = ni = ct. (8)

Changes in local composition can only occur by fluxes of atoms
between neighboring volume elements. Other composition
variables are mass fraction or mass per cent.
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Fig. 2. Representation of a microstructure consisting of two types of domain
with different composition, using a single molar fraction field xB (

−→r ). The
free energy density as a function of composition f0(xB ) has a concave part.
Therefore, for a mean composition xB,0 in between xα1

B and xα2
B , the system

decomposes into two types of domain, one with composition xα1
B and the

other with composition xα1
B , in order to reduce its free energy content. The

compositions xα1
B and xα2

B are determined by the common tangent to the free
energy curve, and the free energy of the decomposed system corresponds to the
points on the common tangent.

Fig. 2 shows the representation of a microstructure by a
single molar fraction field. The structure consists of two types
of domain with different compositions xα1

B and xα2
B . At the

interface between two domains, xB(
−→r ) varies smoothly but

localized from xα1
B to xα2

B . Such a representation was widely
used for spinodal decomposition and further coarsening of
the decomposed structure [65,34,66,67,32,33] and precipitation
and growth of precipitates [68,69] with the same structure as the
matrix phase. A representation by means of composition fields
only is also applicable for systems containing domains with a
different structure, if the microstructural evolution is diffusion
controlled. This was for example the case in phase-field
simulations for ternary diffusion couples [70] and simulations
for the coarsening of tin/lead solders [71,72].

4.2. Order parameters and phase-fields

Order parameters and phase-fields are both non-conserved
variables that are used to distinguish coexisting phases
with a different structure. Order parameters refer to crystal
symmetry relations between coexisting phases. Phase-fields are
phenomenological variables used to indicate which phase is
present at a particular position in the system.

4.2.1. Order parameters
The concept of order parameters originates from micro-

scopic theories and was introduced in continuous theories by
Landau for the description of phase transformations that involve
a symmetry reduction [73]. Originally, the Landau theory was
developed for the description of second-order phase transfor-
mations at a critical temperature Tc.2 Each phase is represented

2 Since, it has been proven that the Landau theory cannot describe the critical
phenomena occurring around Tc for a second-order phase transformation.
Nevertheless, statistical theories and experimental facts have confirmed that
outside the critical range, the Landau theory is applicable for first- and second-
order phase transformations. Especially, the symmetry concepts introduced by
Landau are useful.

Fig. 3. Two-dimensional representation of an anti-phase structure with cubic
symmetry by means of a single order parameter field η(−→r ). The ordered
structure consists of two sublattices occupied by a different type of atom,
represented by black and white dots. The free energy density as a function of
η has a maximum at η = 0, corresponding to the disordered structure which
is unstable, and two minima with equal depth at η = ±1, corresponding to the
two equivalent variants of the ordered structure.

by a specific value of an order parameter (or combination of val-
ues of a set of order parameters). Subsequently, a free energy –
or Landau polynomial – is formulated as a function of the order
parameters and the temperature. For T > Tc the Landau poly-
nomial has minima at the order parameter values correspond-
ing to the high temperature phase and for T < Tc at the order
parameter values corresponding to the low temperature phase.
The number of order parameters and the equilibrium values of
the order parameters reflect the symmetry relations between the
phases.

In the phase-field models of Chen and Wang and other
followers of Khachaturyan’s microscopic theory, order param-
eter fields are mostly used for representing a microstructure. In
Fig. 3 is illustrated how a single order parameter field η(−→r ) is
used to describe the evolution of an ordered system with anti-
phase boundaries in two dimensions [74]. The composition of
the alloy is assumed to be constant. As shown in the figure, the
ordered structure consists of two sublattices, each occupied by
a different type of atom. The atoms can occupy the sublattices
in two energetically equivalent ways. The two variants of the
ordered phase are distinguished by means of an order parameter
η. Within the ordered domains η equals 1 or −1, depending on
which sublattice is occupied by which type of atom. η = 0 cor-
responds to a disordered phase where the atoms are randomly
distributed over the sublattices.

Fig. 4 illustrates the use of order parameters for the
description of a phase transformation that involves a
symmetry reduction, in this case a cubic to tetragonal phase
transformation. The tetragonal phase has a lower symmetry
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Fig. 4. As a tetragonal structure has less symmetry than a cubic structure, it can be oriented in three equivalent ways with respect to the cubic structure. A set of
three order parameter fields is used to distinguish the three tetragonal variants and the cubic phase. ac, at and ct are the crystal lattice parameters of the cubic and
tetragonal phase.

than the cubic phase. Therefore, it can have three orientations
that are energetically equivalent (if only chemical energy is
considered) and have the same probability to form from the
cubic parent phase. Because of the transformation strains
associated with a cubic to tetragonal transformation, domains
with a different variant of the tetragonal phase interact to reduce
elastic strain energy. Therefore, it is relevant to use three order
parameters to distinguish the three variants. This representation
with three order parameter fields was for example used by
Wang [27] for modeling a cubic to tetragonal martensitic
transformation.

To model the growth of ordered precipitates or precipitates
with a lower symmetry than the matrix phase, a set of
order parameter fields is combined with a molar fraction
field. The evolution of ordered precipitates with L12 structure
in Ni-based superalloys (fcc structure) was, for example,
frequently simulated using a phase-field model [75,24,25,76].
In three dimensions, the ordered L12 structure consists of four
interpenetrating simple cubic lattices which are all equivalent
with respect to the fcc disordered matrix phase. The four
variants are distinguished by four combinations of three order
parameter fields, namely

(1, 1, 1)ηeq, (−1,−1, 1)ηeq, (−1, 1,−1)ηeq and

(1,−1,−1)ηeq.

Phase transformations with a more complicated symmetry
reduction were also modeled, like the growth of rhombohedral
Ti11Ni14 precipitates in a cubic TiNi phase [77], the growth of
ordered precipitates with tetragonal structure (L10 structure) in
a cubic fcc matrix for Co–Pt and Cu–Au–Pt alloys [35], and
structural hexagonal to orthorhombic transformations [78,79].

The order parameter representation was generalized to
multi-domain structures by Chen [3,80]. The approach has been
used extensively for the study of grain growth [81–87], where
the different crystallographic orientations are represented with

a large number of order parameter fields η1, η2, . . . , ηp. Within
each grain one of the field variables equals 1 or −1 and the
others equal 0. In this model the order parameter fields are no
longer related to crystallographic symmetry variants. They are
merely introduced to distinguish between different grains or
domains. The effect of solute drag on grain growth [88] and
the coarsening of two-phase structures [89,90] were considered
as well by adding an additional concentration field to the set of
order parameter fields.

There are no restrictions on the evolution of the order
parameter fields analogous with relations (7) and (8).

4.2.2. Phase-fields
The concept of a continuous non-conserved phase-field for

distinguishing two coexisting phases was introduced by Langer
[37]. The phase-field equals 0 in one of the phases and 1 in the
other. For example, in the case of solidification

φ = 0 in the liquid

φ = 1 in the solid, (9)

and φ varies continuously from 1 to 0 at the solid–liquid
interface. Here, φ represents the local fraction of the solid
phase. The single-phase-field representation in combination
with a temperature and/or composition field was extensively
applied to study free dendritic growth [43,91–93] in an
undercooled melt, cellular pattern formation during directional
solidification [53,94] and eutectic growth [47,95]. Non-
equilibrium effects such as microsegregation [96] and solute
trapping [46,97] could be reproduced in the simulations.
The concept of a phase-field was also applied to solid-
state phase transformations, like the austenite to ferrite phase
transformation in steel (for example φ = 1 in the austenite
phase and φ = 0 in the ferrite phase). The transitions between
diffusion controlled transformation, Widmanstätten growth and
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massive transformation were investigated for an Fe–C alloy [56,
98] and an Fe–C–Mn alloy [99].

The single-phase-field formalism was extended towards
multiphase systems by Steinbach et al. [58,59]. In a multiphase-
field model, a system with p coexisting phases is described by
means of p phase-fields φk , which represent the local fractions
of the different phases. Hence, the phase-fields have to sum up
to one at every point −→r in the system

p∑
k=1

φk = 1 with φk ≥ 0,∀k (10)

and only p − 1 phase-fields are independent in a system
containing p coexisting phases. As phase-fields are non-
conserved, there are no integral restrictions analogous with
relation (8) on the evolution of the phase-fields. The amount
of a particular phase is in general not constant in time.

The multiphase-field models provide a general approach
for solidification reactions that involve multiple phases, such
as eutectic and peritectic solidification [100–102,52]. Besides
the general multiphase-field model, models with two [47] or
three [101] phase-fields were proposed specifically for eutectic
reactions and a model with three phase-fields for coupled two-
phase growth in general [54,103]. The multiphase-field model
was also applied to grain growth in polycrystalline structures
[104] and solid-state phase transformations such as pearlite
formation in Fe–C [105,106].

5. Thermodynamic energy functional

The driving force for microstructural evolution is the
possibility to reduce the free energy of the system. The free
energy F may consist of bulk free energy Fbulk, interfacial
energy Fint, elastic strain energy Fel and energy terms due to
magnetic or electrostatic interactions Ffys

F = Fbulk + Fint + Fel + Ffys. (11)

The bulk free energy determines the compositions and volume
fractions of the equilibrium phases. The interfacial energy and
strain energy affect the equilibrium compositions and volume
fractions of the coexisting phases, but also determine the shape
and mutual arrangement of the domains.

Different from classical thermodynamics where properties
are assumed to be homogeneous throughout the system, the free
energy F in the phase-field method is formulated as a functional
of the set of phase-field variables (which are functions of time
and spatial coordinates) and their gradients. When temperature,
pressure and molar volume are constant and there are no elastic,
magnetic or electric fields, the total free energy of a system
defined by a concentration field xB and a set of order parameter
fields ηk, k = 1 . . . p, is for example given by

F(xB, ηk) =

∫
V

f (xB, ηk,
−→
∇ xB,

−→
∇ ηk)

=

∫
V

[
f0(xB, ηk)+

ε

2
(
−→
∇ xB)

2
+

∑
k

κk

2
(
−→
∇ ηk)

2

]
d−→r .

(12)

f0(xB, ηk) refers to a homogeneous system where all state
variables, in this case the phase-field variables, are constant
throughout the system. It is the classical free energy
expressed per unit of volume (J/m3) of a homogeneous
system characterized by the local values of the phase-field
variables. f (xB, ηk,

−→
∇ xB,

−→
∇ ηk) is the local free energy

density of a heterogeneous system with diffuse interfaces. In the
case of classical Gibbsian thermodynamics for heterogeneous
(i.e. multiphase) systems with sharp interfaces, the free energy
density would correspond to the common tangent to f0 for the
system in Fig. 2 and to the minimum of f0 for the system
in Fig. 3. The gradient terms (ε/2)

−→
∇ xB and (κk/2)

−→
∇ ηk are

responsible for the diffuse character of the interfaces. ε and
κk are called gradient energy coefficients. They are related
to the interfacial energy and thickness. The gradient energy
coefficients are always positive, so that gradients in the phase-
field variables are energetically unfavorable and give rise to
surface tension. This free energy formalism for heterogeneous
systems with diffuse interfaces was first introduced by Cahn
and Hilliard [17].

The homogeneous free energy density f0 is a function of the
local values of the phase-field variables and reflects the equilib-
rium bulk conditions of the coexisting domains. With respect to
the non-conserved phase-field variables, it has degenerate min-
ima at the values the phase-fields or order parameters can have
in the different domains (see for example the free energy func-
tion in Fig. 3). For the conserved composition variables, the
homogeneous free energy has a common tangent at the equi-
librium compositions of the coexisting phases (see for example
the free energy function in Fig. 2).

According to Cahn and Hilliard [17], the interfacial energy
Fint of a system with diffuse interfaces and with a free energy
functional of the form (12) is defined as

Fint(xB, ηk) =

∫
V

[
1 f0(xB, ηk)+

ε

2
(
−→
∇ xB)

2

+

∑
k

κk

2
(
−→
∇ ηk)

2

]
d−→r , (13)

where 1 f0 is the difference between the bulk free energy
density for the actual local values of the phase-field variables
f0(xB, ηk) and the equilibrium free energy feq when interfaces
are neglected (i.e. the equilibrium free energy according
to classical Gibbsian thermodynamics for heterogeneous
systems). The meaning of 1 f0 is indicated in Figs. 2 and 3.
Minimization of the integral (13) for a planar boundary gives
the equilibrium profile of the phase-field variables across an
interface and the specific interfacial energy.

Relation (13) shows that, in phase-field models, the inter-
facial energy Fint consists of two contributions: one resulting
from the fact that the phase-field variables differ from their
equilibrium values at the interfaces, and the other from the fact
that interfaces are characterized by steep gradients in the phase-
field variables. Within the domains 1 f0 and the gradient terms
are equal to zero, since the phase-field variables are constant
and have their equilibrium values. Therefore, bulk material does



Author's personal copy

274 N. Moelans et al. / Computer Coupling of Phase Diagrams and Thermochemistry 32 (2008) 268–294

not contribute to the interfacial energy, as it is supposed to do.
The width of the diffuse interfacial regions is the result of two
opposing effects. The wider, or the more diffuse, the interfa-
cial region, the smaller the contribution of the gradient energy
terms. However, for wider interfaces, there is more material
for which the phase-field variables have non-equilibrium values
and the integrated contribution from 1 f0 is accordingly larger.
Therefore, larger values of the gradient energy coefficients
result in more diffuse interfaces, whereas deeper energy wells
result in sharper interfaces. For some phase-field formulations,
there exist analytical relations between the gradient energy co-
efficients and the interfacial energy and thickness. In general,
however, interfacial energy must be evaluated numerically from
an integral equation of the form 13.

Strictly speaking, Gibbs energy should be used in the case
of constant temperature and pressure and Helmholtz energy in
the case of constant temperature and volume. In many phase-
field models, however, pressure and volume are assumed to
be constant. Under these restrictions, the Gibbs energy G and
Helmholtz energy A only differ by a constant term, since G =

A − pV . Since

dG = dA − d(pV ) = dA + 0, (14)

minimization of either of these functions leads to the same
conclusions. In general, the free energy F is used to describe
the thermodynamic properties of the system in phase-field
modeling. It is not always stated clearly whether it refers to
Gibbs or Helmholtz energy.

Especially in the formulation of the free energy functional,
there are many differences among the phase-field models. In the
following sections, a few examples of free energy functionals
are given. The models for solid-state phase transformations
involving coherency strains, the single-phase-field models and
the multiphase-field model are discussed.

5.1. Solid-state phase transformations with symmetry reduc-
tion or ordering

The groups of Chen and Wang are specialized in phase-field
simulations for solid-state phase transformations involving a
symmetry reduction or ordering reaction. It was illustrated in
Section 4.2 that these phase transformations can be described
by physically well-defined order parameters that are related to
the crystal symmetry of the phases. The chemical contribution
to the free energy of the system F is of the form (12), where
the homogeneous free energy density f0 is expressed as a
Landau polynomial of the order parameters and, if applicable,
the composition. To incorporate the elastic energy produced
by transformation strains, the standard phase-field model is
combined with the micro-elasticity theory of Khachaturyan,
which allows us to express the elastic energy as a function of
composition and order parameters.

5.1.1. Landau expressions for the homogeneous free energy
density

In the following paragraphs, the Landau polynomial is
formulated as a function of order parameters and composition
for the structures introduced in Section 4.2.

Anti-phase domain structure. By means of the anti-phase
domain structure depicted in Fig. 3, it is illustrated how the
form of the Landau free energy function is determined. Usually
a fourth-order or sixth-order Landau polynomial is used. The
most general form of a polynomial of the fourth order for one
order parameter is

f0(η) = f dis
+ Aη + Bη2

+ Cη3
+ Dη4. (15)

Since both variants of the ordered structure are energetically
equivalent, the free energy expression must be symmetric
around zero. Hence, all coefficients of uneven terms (A and C)
are zero. If it is assumed that the free energy of the disordered
phase f dis is equal to zero and the minima are located at η = 1
and η = −1, the following free energy expression is obtained:

f0(η) = 4(1 f0)max

(
−

1
2
η2

+
1
4
η4
)
, (16)

where (1 f0)max is the depth of the free energy. Since the
free energy has a maximum at η = 0, the disordered phase
is unstable and will spontaneously evolve towards one of the
ordered variants.

Cubic to tetragonal transformation. In the case of the cubic to
tetragonal phase transformation in three dimensions depicted
in Fig. 4, the Landau free energy as a function of three order
parameters must have six minima with equal depth at

(η1, η2, η3) = (±ηeq, 0, 0), (0,±ηeq, 0), (0, 0,±ηeq).

The value of ηeq depends on temperature and composition.
Wang and Khachaturyan [27] proposed the following sixth-
order expression for a cubic to tetragonal martensitic
transformation:

f (η1, η2, η3) =
1
2

A
3∑

k=1

η2
i −

1
4

B
3∑

k=1

η4
i

+
1
6

C

(
3∑

k=1

η2
i

)3

, (17)

with A, B and C positive constants that determine the value of
ηeq . Besides the degenerate minima corresponding with the six
symmetry variants, it has a local minimum at (η1, η2, η3) =

(0, 0, 0) to express the first-order character of the martensitic
transformation. Formation of a tetragonal domain within the
cubic parent phase involves the formation of stable nuclei to
overcome the energy barrier around (η1, η2, η3) = (0, 0, 0).

Precipitation of an ordered intermetallic in a disordered matrix.
The following Landau polynomial f0(xB, η)

f0(xB, η) =
1
2

A(xB − x ′

B)
2
+

1
2

B(x ′′

B − xB)η
2

−
1
4

Cη4
+

1
6

Dη6 (18)

was proposed by Wang and Khachaturyan [75] for simulating
the evolution of ordered precipitates in a disordered matrix
for a two-dimensional binary system. A, B,C, D are positive
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Fig. 5. Landau free energy as a function of one composition variable xB and
one order parameter η as given by relation (18). The parameter values are taken
from [75]. With respect to the order parameter, the Landau free energy has
a single minimum at η = 0 for xB near xdis

B and two degenerate minima
symmetrical around zero for xB near xor

B .

phenomenological constants with a dimension of energy and x ′

B
and x ′′

B constants with a dimension of composition. In analogy
with the antiphase domain structure in Fig. 3, it was assumed
that there are two equivalent variants of the ordered phase,
represented by η = ηeq and η = −ηeq. A three-dimensional
view of the free energy density as a function of the order
parameter and the molar fraction is shown in Fig. 5. For xB near
xdis

B , f0(x∗

B, η) for constant x∗

B , has a single minimum at η = 0
corresponding to the disordered matrix phase. For xB near
xor

B , f0(x∗

B, η) has two degenerate minima at η = ±ηeq(x∗

B),
corresponding to the two variants of the ordered phase. ηeq is a
function of the composition.

Minimization of the homogeneous free energy density
f0(xB, η) with respect to the order parameter yields the
composition dependence of the free energy of a homogeneous
system (see the bold curve in Fig. 6a). f0(xB, η = 0)
corresponds to the free energy of the disordered phase. The
free energy of the ordered phase must be calculated by
replacing η in the Landau polynomial by its equilibrium
value ηeq(xB). ηeq(xB) is obtained by minimizing the free
energy density for fixed compositions x∗

B (see Fig. 6b). 1 f
is the driving force for precipitation of the ordered phase in
a supersaturated disordered structure with composition xB,0.
At the diffuse interfacial regions between an ordered and a
disordered domain, the concentration and the order parameter
are forced to vary continuously between their equilibrium
values. Therefore, f0 is not minimal at the interfaces. The
exact evolution of f0 across an interface depends on the
gradient energy coefficients associated with the gradients in the
composition and the order parameter. The dotted line in Fig. 6
shows a possible evolution of the homogeneous free energy
density across a precipitate–matrix interface. 1 f0 indicates the
local contribution to the interfacial energy from the diffuse
interfaces.

The phenomenological parameters A, B,C, D must be cho-
sen so that the composition dependence of the equilibrium free
energy f0(xB, η(xB)) agrees with experimental information.
Most important is that the driving force for precipitation and the

Fig. 6. (a) Minimization of the Landau free energy density (18) with respect
to the order parameter yields the composition dependence of the free energy
density for a homogeneous system (bold line). 1 f is the driving force for
precipitation of the ordered phase in a supersaturated disordered structure with
composition xB,0. The dotted line gives a possible evolution of f0 across
an interfacial region between a precipitate and the matrix. 1 f0 indicates the
contribution of the homogeneous free energy density to the interfacial energy
in a heterogeneous system. (b) Landau free energy (18) as a function of the
order parameter at fixed compositions xB = 0.6 and xB = 0.8.

equilibrium composition of the ordered and disordered phase
are reproduced. The exact dependence of the non-equilibrium
free energy f0(xB, η) on the order parameter is not critical as
long as the number of minima and the symmetry properties are
correctly reproduced.3

In the case of the ordered precipitates with L12 structure in
fcc Ni-based superalloys, the Landau free energy polynomial
is a function of three order parameters and the composition

3 The Landau expressions (16)–(18) are, in fact, non-equilibrium free
energies, since the free energy at thermodynamic equilibrium only depends on
external state variables, such as the composition. The order parameters are so-
called internal state variables, which describe internal degrees of freedom in a
system that is not in thermodynamic equilibrium [107]. The concept of internal
state variables is mainly applied for the description of phase transformations
and homogeneous reacting systems.
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[24,25,76,26,108]. The coefficients are chosen so that,
for compositions near that of the ordered phase, it has
four degenerate minima at (η1, η2, η3) = (1, 1, 1)ηeq,
(−1,−1, 1)ηeq, (−1, 1,−1)ηeq and (1,−1,−1)ηeq, and for
compositions near that of the disordered phase, it has a single
minimum at (η1, η2, η3) = (0, 0, 0).

5.1.2. Interfacial energy

For the anti-phase domain structure in Fig. 3 represented by
a single order parameter field, the interfacial energy and width
can be calculated analytically [17,74]. In this specific situation,
the total free energy of the system has the form

F = Fbulk + Fint =

∫
V

[
f0(η)+

κ

2
(
−→
∇ η)2

]
d−→r (19)

with f0 given by relation (16). The specific interfacial energy
σint (J/m3) is related to the gradient energy coefficient κ and the
depth of the minima of the homogeneous free energy (1 f0)max
as

σint =
4
√

2
3

√
κ(1 f0)max (20)

and the interfacial thickness as

l = 2α
√

κ

(1 f0)max
. (21)

The value of α depends on the definition of the thickness of a
diffuse interface, as strictly speaking a diffuse interface reaches
infinity. For systems with more than one phase-field variable,
the interfacial energy must be calculated numerically [26]. It
is generally true that the interfacial energy and the width of
the profile of the phase-field variables at interfaces increase for
larger values of the gradient energy coefficients κk and ε. If
the set of phase-field variables contains composition fields, only
the gradient energy coefficients can be adjusted to fit both the
interfacial energy and the width, since f0 is determined by the
composition dependence of the chemical free energies of the
coexisting phases (see Fig. 6).

Anisotropy in interfacial energy is usually introduced into
the free energy through the gradient terms of the order
parameter fields, for instance [109,24],

F =

∫
V

[
f0(xB, ηk)+

1
2

3∑
i, j=1

εi j
∂xB

∂ri

∂xB

∂r j

+
1
2

p∑
k,l=1

3∑
i, j=1

κi jkl
∂ηk

∂ri

∂ηl

∂r j

]
d−→r (22)

for ordering in fcc alloys (fcc to L12 structure). The expression
was derived from the microscopic theory of Khachaturyan [24].
κi j is a second-rank tensor. The cross terms with ηk and ηl allow
us to distinguish different types of interface depending on the
orientation of the neighboring domains [109]. In [110], a free
energy expansion with fourth-rank gradient terms was proposed
for systems with cubic anisotropy in interfacial energy.

Fig. 7. Successive steps by which a coherent multiphase structure is formed and
the associated elastic strain is introduced into the material in micro-elasticity
theory (according to Khachaturyan [23]). (a) First the volume elements that
will undergo a phase transformation are taken out of the stress-free material.
(b) Then, these volume elements are allowed to transform to the new structure
at the given temperature and pressure. They will adapt their equilibrium lattice
parameters, volume and shape. The strains with respect to the original structure
ε0

i j are called the stress-free or transformation strains. (c) The transformed
volume elements must then be deformed so that they fit again in the system:
εtot

i j = εel
i j + ε0

i j = 0. After this deformation, elastic strains (εel
i j = −ε0

i j ) and
stresses are present in the transformed material, since its dimensions differ from
the equilibrium dimensions. (d) When the transformed material is put back into
the system, it can relax to a certain extent: εel

i j 6= −ε0
i j . As a consequence,

elastic strains and stresses develop in the surrounding material.

5.1.3. Elastic misfit energy

Solid-state phase transformations usually induce elastic
stresses into the material that may have a dominant effect
on the microstructural evolution [111,112]. The size of
domains and precipitates results from the competition between
interfacial energy and long-range elastic stresses. In the
case of isostructural phase transformations, ordering reactions
or symmetry reducing phase transformations, the produced
microstructures are, at least in the initial stages of the
transformation, coherent, i.e. the lattice planes are continuous
across the interfaces. The lattice mismatch at interfaces, caused
by a difference in crystal lattice parameters, is accommodated
by elastic displacements in the surrounding material. The
micro-elasticity theory for multiphase alloys of Khachaturyan
[23,113,114] is applied to express the free energy contribution
due to coherency strains as a function of the phase-field
variables. Fig. 7 illustrates schematically how stress-free or
transformation strains and elastic stresses in coherent structures
are treated in micro-elasticity theory.

To relate the transformation strains ε0
i j (

−→r ) to the local
values of the phase-field variables, a linear dependence on the
composition fields and a quadratic dependence on the order
parameter fields are mostly assumed:

ε0
i j (

−→r ) = ε
xB
i j δxB(

−→r )+

∑
k

ε
ηk
i j η

2
k (

−→r ). (23)

δxB(
−→r , t) = xB(

−→r , t) − xB,0, with xB,0 a reference
composition, which is for example taken equal to the overall
composition of the alloy. ε

xB
i j are the lattice expansion

coefficients related to the composition. Following Vegard’s law,

ε
xB
i j (

−→r ) =
1
a

da

dxB
δi j (24)
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with a the stress-free lattice parameter. The εηk
i j reflect the

lattice mismatch between the product and parent phase. For
example, for the cubic to tetragonal transformation shown in
Fig. 4 and using a coordinate system with axes parallel to the
axes of the cubic crystal, they have the form [27]

εη1 =

ε3 0 0
0 ε1 0
0 0 ε1

 εη2 =

ε1 0 0
0 ε3 0
0 0 ε1


εη3 =

ε1 0 0
0 ε1 0
0 0 ε3

 .
The stress-free strains ε1 and ε3 are related to the crystal lattice
parameters ac, at and ct of the cubic and tetragonal structure in
their stress-free state

ε1 =
at − ac

acη2
eq
, and ε3 =

ct − ac

acη2
eq
. (25)

The cubic structure is taken as the reference structure.
The elastic strain εel

i j is the difference between the total strain

εtot
i j and the stress-free strain ε0

i j , both measured with respect to
the same reference lattice,

εel
i j (

−→r ) = εtot
i j (

−→r )− ε0
i j (

−→r )

= εtot
i j (

−→r )− ε
xB
i j δxB(

−→r )−

∑
k

ε
ηk
i j η

2
k (

−→r ). (26)

The local elastic stress is then calculated by applying Hooke’s
law from linear elasticity theory,

σi j (
−→r ) = Ci jkl(

−→r )εel
kl(

−→r )

= Ci jkl(
−→r )[εtot

kl (
−→r )− ε0

kl(
−→r )], (27)

where the Einstein summation convention is applied and
Ci jkl(

−→r ) are the elements of the elastic modulus tensor. Since
coexisting phases have usually different elastic properties, the
elastic modulus tensor depends on the phase-field variables.
Next, it is assumed that mechanical equilibrium is reached
much faster than chemical equilibrium, so that the equation for
mechanical equilibrium

∂σi j

∂r j
= 0 (28)

is valid. Solution of Eq. (28) in combination with relation (27),
along with the appropriate mechanical boundary conditions,
results in the equilibrium elastic strain field that is present in
the material after step 4 in Fig. 7.

To simplify the solution of the elasticity equation (28), the
total strain εtot

i j (
−→r ) is considered as the sum of a homogeneous

strain εi j related to the macroscopic deformation of the system,
and the local heterogeneous strain δεi j (

−→r ) [23]:

εtot
i j (

−→r ) = εi j + δεi j (
−→r ). (29)

This treatment is only valid when the heterogeneities in
the microstructure are on a much smaller scale than the
macroscopic size of the system. The homogeneous strain is

defined so that∫
V
δεi j (

−→r )d−→r = 0. (30)

The heterogeneous strains are related to the local displacements
with respect to the homogeneously deformed material −→u (−→r )
as

δεkl(
−→r ) =

1
2

[
∂uk(

−→r )

∂rl
+
∂ul(

−→r )

∂rk

]
, (31)

where ui denotes the i th component of the displacement
vector −→u . Efficient methods have been developed to solve
the elasticity equations [4,66,115,116] for materials with
heterogeneous elastic properties (Ci jkl(r)).

Once the elastic strains are obtained, the total elastic energy
Fel of the system is calculated through the usual expression,

Fel =
1
2

∫
V

Ci jkl(
−→r )εel

i jε
el
kld

−→r (32)

for a system under an applied strain εa
i j = εi j . In the presence

of an externally applied stress σ a
i j (

−→r ), the elastic energy
contribution should include the external work [25],

Fel =
1
2

∫
V

Ci jkl(
−→r )εel

i jε
el
kld

−→r −

∫
V
σ a

i j (
−→r )εi j (

−→r )d−→r . (33)

The homogeneous strain is then obtained by minimizing the
elastic strain energy with respect to the homogeneous strain.

The phase-field micro-elasticity model was applied to
a variety of mesoscale phenomena in solid materials. The
influence of the elastic properties of the coexisting phases
on the morphological evolution in spinodal decomposition
and further coarsening of the structure were studied many
times [65,34,32,33,21,66,117]. The model also allows us
to predict the shape and size of coherent precipitates, as
well as the splitting and coalescence of precipitates under
influence of an applied stress [77,118,24,25,108,4,76]. For
martensitic transformations [27,28,119] and other structural
transformations [35,79], the effect of the coherency stresses on
the shape and spatial distribution of the different orientation
variants were analyzed, as well as the influence of externally
applied stresses on the structure. Furthermore, a phase-field
micro-elasticity model for the evolution of structures with voids
and cracks under an applied stress was proposed [7]. The micro-
elasticity formalism was also extended towards polycrystalline
materials containing multiple grains with a different orientation
[119–121].

Although dislocations are crystal defects on the atomic scale,
the stresses they cause on the mesoscale and their effect on
microstructural evolution can be modeled using the phase-field
micro-elasticity approach. It was possible to reproduce solute
segregation (formation of Cottrell atmospheres) and nucleation
and growth of precipitates around dislocation cores [4,122].
Furthermore, the interaction between a moving dislocation
loop and an array of precipitates [5] was simulated. The
movement and multiplication and annihilation of dislocations
under an applied stress [6,123] and the formation of dislocation
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networks and substructures [124] were also studied by phase-
field simulations. Up to now, most micro-elasticity models
involving dislocations were for fcc crystals.

When transformation strains are involved, the molar volume
is not constant. Nevertheless, Eq. (12) for the chemical free
energy is still valid, if considered in a number fixed frame4 with
a constant reference molar volume V ref

m , i.e.

F(xB, ηk) =

∫
V ref

[
f0,m(xB, ηk)

V ref
m

+
ε′

2
(
−→
∇ xB)

2

+

∑
k

κ ′

k

2
(
−→
∇ ηk)

2

]
d−→r , (34)

where f0 = f0,m/V ref
m and V ref

= V ref
m ntot, with ntot the

total number of moles. V ref
m is the molar volume of a reference

structure, which must be the same as the structure referred to
in Eq. (23) and Eqs. (25) for the formulation of the stress-free
strains. f0,m is the homogeneous free energy, expressed per
number of moles, assuming the equilibrium lattice parameters
at the given temperature and pressure. The free energies f0
considered up to here are, in fact, of the form f0 = f0,m/V ref

m .
An approach similar to that of the elastic strain energy

is applied to calculate the electrostatic or magnetic energy
contribution when charged species or electric or magnetic
dipoles are involved. It is assumed that electric and magnetic
equilibrium are much faster than chemical equilibrium.
Therefore, an electromagnetic equilibrium equation is first
solved to obtain the electric or magnetic field for the
current distribution of charges and dipoles and then the total
electrostatic or magnetic energy is expressed as a functional
of the phase-field variables. To characterize ferroelectric or
ferromagnetic domain growth, the order parameter fields are
taken equal to the coordinates of the polarization vector for
ferroelectric materials [125,29,30] or the coordinates of the
magnetization vector for ferromagnetic materials [31].

Recently, elastoplastic phase-field models were proposed by
Guo et al. [126] and Hu et al. [127]. Additional phase-field
variables are used to describe the plastic strain fields on the
mesoscale. The local strain tensor εtot

i j then consists of an elastic

part εel
i j , a contribution due to lattice mismatches ε0

i j , and a

plastic part εpl
i j . Moreover, besides the general terms in the free

energy, a distortion strain energy is formulated as a function of
the additional phase-field variables for the plastic strain.

5.2. Single-phase-field model for solidification

In the more phenomenologically oriented phase-field
models, such as those for solidification, a phase-field φ is used
to distinguish two coexisting phases. The following functional
is an example of a free energy expression used in simulations

4 This involves that the spatial coordinates expressed in a reference frame
related to the physical dimensions of the system are transformed to a reference
frame that is defined so that the number of atoms per unit volume of the new
reference frame is constant.

for isothermal solidification of a single phase from a binary
liquid: [46]

F =

∫
V

[
f0(xB, φ, T ∗)+

ε

2
(
−→
∇ xB)

2
+
κ

2
(
−→
∇ φ)2

]
d−→r , (35)

with f0(xB, φ, T ∗) the homogeneous free energy density at a
given temperature. In many solidification models, the gradient
in composition is not considered, i.e. ε = 0. The molar volume
is usually assumed to be constant.

5.2.1. Homogeneous free energy density
In the single-phase-field model, the homogeneous free en-

ergy density consists of an interpolation function f p(xB, φ, T ∗)

and a double-well function wg(φ):

f0(xB, φ, T ∗) = fp(xB, φ, T ∗)+ wg(φ). (36)

The double-well potential g(φ)

g(φ) = φ2(1 − φ)2 (37)

has minima at 0 and 1 and w is the depth of the energy
wells. w is either a constant [49] or depends linearly on the
molar fraction, namely w = (1 − xB)wA + xBwB [44]. The
interpolation function fp combines the free energy expressions
of the coexisting phases f α(xB, T ∗) and f β(xB, T ∗) into one
free energy expression, which is a function of the field variables
xB and φ, using a weight function p(φ):

fp(xB, φ, T ∗) = (1 − p(φ)) f α(xB, T ∗)

+ p(φ) f β(xB, T ∗). (38)

In this expression, it is assumed that φ equals 1 in the
β-phase and 0 in the α-phase. The functions f α(xB, T ∗)

and f β(xB, T ∗) are homogeneous free energy expressions
for the composition and temperature dependence of the
α-phase and the β-phase (see Fig. 8). They are usually
constructed, using a regular substitutional solution model or
taken from a thermodynamic CALPHAD (CALculation of
PHAse Diagrams) description of the phase diagram.

p(φ) is a smooth function that equals 1 for φ = 1 and 0 for
φ = 0 and has local extrema at φ = 0 and φ = 1. Mostly, the
following function [42]

p(φ) = φ3(6φ2
− 15φ + 10) (39)

is used, for which p′(φ) = 30g(φ). The functions g(φ) and
p(φ) are plotted in Fig. 9.

Fig. 10 gives a three-dimensional view of f0 as a function
of xB and φ, obtained from relations (36) and (38) with w = 1
and for the free energies of the α-phase and β-phase plotted
in Fig. 8. Minimization of f0 with respect to φ at a fixed
composition x∗

B , gives f α(x∗

B, T ∗) and φ = 0 or f β(x∗

B, T ∗)

and φ = 1, depending on which is the lower. The minima
correspond with the lower envelope in the projection of f0 on
the xB − f0-plane shown in Fig. 11a. Thus, in a two-phase
structure, φ equals 0 in the α-domains and 1 in the β-domains
and the free energy equals, respectively, f α(xαB) and f β(xβB).
However, at the diffuse interfaces, φ is forced to take values in
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Fig. 8. Phenomenological free energy densities of the phases α and β as a
function of composition xB and at temperature T ∗. According to Gibbsian
thermodynamics, the system decomposes into two phases for systems with a

mean composition xB,0 between xαB and xβB , namely α with composition xαB
and β with composition xβB . The equilibrium compositions of the coexisting
phases are given by the tangent rule. The dotted line indicates the evolution of
the interpolation function across a diffuse interface.

Fig. 9. Double-well potential g(φ) and weight function p(φ) used to construct
the homogeneous free energy density f0 for a two-phase system.

Fig. 10. Three-dimensional graphic of the homogeneous free energy f0 of a
two-phase system according to Eq. (36).

Fig. 11. (a) Projection of f0 on the xB – f0-plane. For homogeneous systems,
minimization of the interpolation function f p with respect to φ gives
f p,0(xB , T ∗) = min( f α(xB , T ∗), f β (xB , T ∗)). The lower envelope gives for
fixed values of xB the minimum of f0 with respect to φ. (b) Projection of f0 on
the φ– f0-plane. The lower envelope gives for fixed values of φ, the minimum
of f0 with respect to xB .

between 0 and 1. Then g(φ) 6= 0 and the interpolation function
f p(x∗

B, φ, T ∗) deviates respectively from f α(x∗

B, φ, T ∗) and
f β(x∗

B, φ, T ∗). The dotted line in Fig. 8 indicates how f p may
evolve across a diffuse interface between the α-phase and the
β-phase. When ε = 0 in the free energy density f (35), the
evolution of f0 across a diffuse interface is given by the minima
of f0 with respect to xB for fixed values of φ. It corresponds
to the lower envelope in a projection of f0 on the φ– f0-plane,
which is shown in Fig. 11b.

5.2.2. Interfacial energy
In general, the gradient terms, the double-well function

wg(φ) and the interpolation function f p(xB, φ) contribute
to the interfacial energy. The contribution from the double-
well potential is w1g, with 1g as indicated in Fig. 9. The
contribution from the interpolation function 1 f p is given by
the difference between the dotted line and the common tangent
line in Fig. 8. In addition to the gradient energy coefficients,
the double-well coefficient w can be modified to adjust the
interfacial energy and width. The interfacial energy and width
are larger for larger values of the gradient energy coefficients.
The interfacial energy increases and the interfacial thickness
decreases with the depth of the double-well potential, which
is proportional to w. However, there is no analytical relation
between the parameters in the phase-field model and the
interfacial energy and width [46]. Moreover, the width of the
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profile of the concentration variable may differ from that of the
phase-field.

In the model of Tiaden et al. [59] and Kim et al. [49], the
gradient in concentration is not included in the free energy
density, the parameterw in front of the double-well is a constant
and an extra restriction is imposed on the local concentration at
the interfaces, namely

xB = (1 − p(φ))x̃αB + p(φ)x̃βB (40)

and

∂ f0

∂xB
(x̃αB) =

∂ f0

∂xB
(x̃βB). (41)

They consider the interface as a mixture of two phases with
different composition (phase α with composition x̃αB and phase

β with composition x̃βB) and impose that the chemical potential

in both phases must be the same. x̃αB and x̃βB may differ from the

equilibrium bulk compositions xαB and xβB indicated in Fig. 8.
As a consequence, the interpolation function f p follows the
common tangent line at the interfaces and consequently does
not contribute to the interfacial energy. Then, the interfacial
energy and thickness only depend on the gradient term in φ and
the double-well potential. They can be calculated analytically,
giving

σint =

√
κw

3
√

2
(42)

and

l = α
√

2

√
κ

w
, (43)

where α depends on the definition of the interfacial thickness.
The advantage of such a model is that the parameters w and κ
in the phase-field model are in a straightforward way related to
physical properties σint and l.

5.2.3. Anisotropy

The interfacial energy of a solid–liquid interface may depend
on the orientation of the crystal with respect to the interface.
Also in the case of solid–solid phase transformations, there
are usually low-energy interface orientations resulting in, for
example, plate-like particles. To obtain realistic simulations,
this anisotropy is included into the phase-field model by giving
√
κ the same orientation dependence as the interfacial energy,

as the interfacial energy is proportional to
√
κ .

For two-dimensional systems, the normal to the interface
−→n = (n1, n2), which is in fact the normal to contours of
constant value of a phase-field variable φ, is given by

(n1, n2) =
1√(

∂φ
∂r1

)2
+

(
∂φ
∂r2

)2

(
∂φ

∂r1
,
∂φ

∂r2

)
, (44)

and the angle θ between the normal to the interface and the
r1-axis by

tan(θ) =
n2

n1
=
∂φ/∂r2

∂φ/∂r1
. (45)

For weak anisotropy, the following formulation is commonly
applied for two-dimensional systems [45]:
√
κ = κ(1 + ν cos(kθ)), (46)

with ν < 1/15 a measure of the strength of anisotropy and k the
order of anisotropy. For example for cubic anisotropy, k equals
4. According to the Gibbs–Thomson condition σ+d2σ/dθ > 0
(with σ the interfacial energy and θ the orientation of the
normal to the interface), ν in Eq. (46) must be smaller than
1/15.

In order to describe strong anisotropy in interfacial energy,
resulting in faceted morphologies, functions with deep cusps
at the low-energy orientations are required. Examples of such
anisotropy functions, which were used to distinguish the large
difference in energy between a coherent and an incoherent
interface, are
√
κ = κ (1 + ν (| sin(θ)| + | cos(θ)|)) , (47)

resulting in square particles [128], and

√
κ =

κ

1 + ν
(1 + ν| cos(θ)|) , (48)

resulting in plate-like particles [129,98,130]. The equations
must be regularized as described in [128,98] to circumvent the
discontinuities in the first derivative. In both cases, ν defines
the amplitude of the anisotropy. More functions for

√
κ(−→n ) or

√
κ(θ) have been proposed to simulate the growth of faceted

crystals [131–133].
A similar approach is used to describe anisotropy in three

dimensions [48,134,135], giving for example
√
κ = κ

[
1 + ν

[
cos4(θ1)+ sin4(θ1)

×

(
1 − 2 sin2(θ2) cos2(θ2)

)]]
(49)

for weak cubic anisotropy, where θ1 and θ2 define the
orientation of the normal to the interface in three dimensions.

If the energy gradient coefficient κ depends on the
orientation of the interface, the interfacial thickness varies
along the interface; see for example Eq. (43). In the case of
strong anisotropy, these variations in interfacial thickness may
result in artifacts, such as enhanced particle coalescence along
high-energy interfaces or numerical pinning along low-energy
orientations [136]. Therefore, a better approach would be to
make both the energy gradient coefficient and the height of
the double-well potential orientation dependent in such a way
that the orientation dependence of the interfacial energy is
reproduced, while the interfacial thickness is constant along the
interface.

5.2.4. Non-isothermal solidification
For non-isothermal solidification, a thermodynamic entropy

functional should be considered instead of a free energy
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functional [41,137,42,138], since the temperature is not
prescribed. For example,

S =

∫
V

[
s0(e0, xB, φ)−

ε′

2
(
−→
∇ xB)

2
−
κ ′

2
(
−→
∇ φ)2

]
d−→r , (50)

where the homogeneous entropy density s0 depends on the
internal energy density e0, the phase-field and the composition.
The internal energy is a function of temperature. The internal
energy e0, Helmholtz energy f0 and entropy s0 are related as
e0 = f0 + s0T , with T the temperature. At thermodynamic
equilibrium the entropy functional S is maximal.

5.3. Multiphase-field model

Multiphase-field models have been developed for the
simulation of phase transformations that involve more than
two phases, such as eutectic and peritectic solidification. The
microstructure is described by a vector φ of multiple phase-
fields φk , which represent the local fractions of the different
phases. The free energy as a functional of the molar fraction
fields xi (

−→r , t) and phase-fields φk(
−→r , t) at a fixed temperature

T ∗ usually has the form [58,100,139]

F(xi , φ, T ∗) =

∫
V

[
f p(xi , φ, T ∗)+ g(φ)

+

p∑
j<k

[κ jk

2
|φ j

−→
∇ φk − φk

−→
∇ φ j |

2
]]

d−→r , (51)

where κ jk = κk j is the gradient energy coefficient related to the
interface between phases j and k. The gradient energy term is
formulated in such a way that the properties of each interface
can be treated individually. The contribution f p(xi , φ, T ∗) is an
interpolation function of the homogeneous free energies of the
coexisting phases f k(xi , T ∗):

f p(xi , φ, T ∗) =

p∑
k=1

p(φk) f k(xi , T ∗). (52)

The weight functions p(φk) must obey the same requirements
as specified for the weight function in the single-phase-field
model (Section 5.2.1). g(φ) is usually formulated as a multi-
well potential

g(φ) =

p∑
j<k

w jkφ
2
jφ

2
k . (53)

It is the analogue of the double-well potential in the single-
phase-field model. w jk is a symmetric matrix. The elements
w jk = wk j are related to the properties of the interface between
phases j and k. Gradients in composition are not considered
in the free energy functional and the restrictions (40) and (41)
are assumed. As a consequence, the energy and width of the
interface between phases j and k only depend on the parameters
κ jk and w jk :

σgb, jk =

√
κ jkw jk

3
√

2
(54)

l jk =

√
2κ jk

√
w jk

. (55)

Anisotropy of surface energy can be introduced in a similar way
as for the single-phase-field models [140].

Garcke, Nestler and Stinner [141,60,142,61] have formu-
lated a multiphase-field model for non-isothermal solidification
in multicomponent and multiphase systems. It is based on an
entropy functional of the form

S(e0, xi , φ) =

∫
V

[
s0(e0, xi , φ)

−

(
εa(φ,

−→
∇ φ)+

1
ε

g(φ)

)]
d−→r . (56)

The first term describes the bulk thermodynamic properties.
The entropy density s0 and the internal energy density e0 are
calculated from a Helmholtz energy density function f0 using
the thermodynamic relations s0 = −∂ f0/∂T and e0 = f0+T s0.
The Helmholtz energy f0, itself, has the form (52), where
the f k(xi , T ∗) are constructed using a substitutional solution
model. The second term in the entropy functional is related to
the interfacial properties. The coefficient ε is a measure for
the interfacial width. The term εa(φ,

−→
∇ φ) accounts for the

gradient energy. a(φ,
−→
∇ φ) is formulated as a function of the

expressions q jk = |φ j
−→
∇ φk − φk

−→
∇ φ j |, so that the properties

of different types of interface can be treated independently.
A number of functions are proposed for different types and
strengths of anisotropy in interfacial energy. The function g(φ)
has a multi-well

g(φ) = 9
∑
j<k

γ jkφ
2
jφ

2
k (57)

or multi-obstacle

gob(φ) =
16

π2

∑
j<k

γ jkφ jφk (58)

form. For the multi-obstacle form, relation (58) is applied when∑p
k=1 φk = 1 and φk ≥ 0,∀k. Otherwise gob(φk) = +∞ is

taken. In the ideal case, the parameter γ jk equals the specific
entropy of the interface between phases j and k.

Recently, the multiphase-field models were also coupled
with elasticity equations [143,106,144].

6. Phase-field equations

In the phase-field method, the temporal evolution of the
phase-field variables is given by a set of coupled partial
differential equations, one equation for each variable. Except
for a few solidification models that are only concerned
with reproducing the traditional sharp-interface models, the
equations are derived according to the principles of non-
equilibrium thermodynamics [145]. They are chosen so that the
free energy decreases monotonically and mass is conserved for
all components. Numerical solution of the partial differential
equations yields the temporal evolution of the phase-field
variables, which is a representation of the morphological
evolution of the grains or domains in the system.
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6.1. Time-dependent Ginzburg–Landau equation

The non-conserved variables ηk(
−→r , t) and φk(

−→r , t) govern
a time-dependent Ginzburg–Landau equation, also referred
to as a Allen–Cahn equation. For the order parameter field
representation,

∂ηk(
−→r , t)

∂t
= −Lk

δF

δηk(
−→r , t)

= −Lk

[
∂ f0

∂ηk
−

−→
∇ · κk

−→
∇ ηk

]
(59)

is obtained for k = 1 . . . p, where F and f0 are functions of
the conserved and non-conserved field variables as discussed
in Section 5.1. Lk and κk may depend on the local values
of the field variables to introduce anisotropy or composition
dependence of the interfacial energy or mobility. In the single-
phase-field model, for example in the case of a system
represented by a single phase-field variable φ and a composition
field xB , the evolution of φ is given by

∂φ(−→r , t)

∂t
= −L

δF(xB, φ)

δφ(−→r , t)

= −L

[
∂ f0(xB, φ)

∂φ
−

−→
∇ · κ(φ)

−→
∇ φ

]
, (60)

where it is assumed that κ may depend on the phase-field. In
the multiphase-field model, the technique of the λ-multiplier is
applied to account for restriction (10) on every position in the
system:

∂φk(
−→r , t)

∂t
= −L

δF ′(xB, φl)

δφk(
−→r , t)

, (61)

with

F ′
=

∫
V

[
f (xi , φl , T ∗)+ λ

(
p∑

l=1

φl − 1

)]
dV

= F +

∫
V

[
λ

(
p∑

l=1

φl − 1

)]
dV (62)

and F and f (xi , φl , T ∗) respectively the total free energy and
the free energy density, which are discussed in Section 5.3.
Elimination of λ gives

∂φk(
−→r , t)

∂t
= −

L

p

p∑
l=1

(
δF

δφk(
−→r , t)

−
δF

δφl(
−→r , t)

)
, (63)

with p the number of phase-fields.
The L and Lk in Eqs. (59), (60) and (63) are positive

kinetic parameters, related to the interfacial mobility µ. It was
calculated by Allen and Cahn [74], assuming that l/ρ � 1
with 1/ρ the local curvature of the interface and l the interfacial
thickness, that the interfacial velocity equals

v = Lκ

(
1
ρ

)
(64)

for curvature driven coarsening of the anti-phase domain
structure in Fig. 3. In classical sharp-interface theories for

curvature driven motion of interfaces, the velocity of an
interface is given by

v = µσint(1/ρ) = µ∗(1/ρ), (65)

where µ is called mobility and µ∗ reduced mobility.
Accordingly, the product Lκ in the phase-field model is equal to
the reduced mobility in classical models for interfacial motion,
which is a measurable quantity [146]. Notice that, for curvature
driven grain boundary movement, the velocity of the interface
is not affected by the form of the non-equilibrium free energy
density f0(η) (see e.g. Eq. (16)).

Analogous to the anisotropy in interfacial energy (Sec-
tion 5.2.3), anisotropy in interfacial mobility is introduced by
giving L a dependence on the interfacial orientation through
the angle θ defined by relation (45) [133].

6.2. Cahn–Hilliard equation

The evolution of conservative phase-field variables, such
as the molar fraction field xB(

−→r , t), obeys a Cahn–Hilliard
equation, for example,

1
Vm

∂xB(
−→r , t)

∂t
=

−→
∇ · M

−→
∇
δF(xB, ηk)

δxB(
−→r , t)

=
−→
∇ · M

−→
∇

[
∂ f0(xB, ηk)

∂xB
−

−→
∇ · ε

−→
∇ xB(

−→r , t)

]
. (66)

The kinetic parameter M can be a function of the order
parameter fields and the composition. The Cahn–Hilliard
equation is essentially a diffusion equation of the form

1
Vm

∂xB(
−→r , t)

∂t
= −

−→
∇ ·

−→
J B, (67)

where the diffusion flux
−→
JB is given by

−→
J B = −M

−→
∇
δF

δxB

= −M
−→
∇

[
∂ f0(xB, ηk)

∂xB
−

−→
∇ · ε

−→
∇ xB(

−→r , t)

]
. (68)

Mass conservation is accordingly ensured, as well as the flux
balance at the interfaces (compare with Eq. (3) in sharp-
interface models). The diffusion fluxes are defined in a number
fixed reference frame (the number of moles per unit volume in
the number fixed reference frame, is constant in time) and the
parameter M relates to the interdiffusion coefficient D as

M =
Vm D

∂2Gm/∂x2
B

, (69)

which gives for an ideal solution

M =
DxB Vm

RT
. (70)

M can also be expressed as a function of the atomic mobilities
of the constituting elements MA and MB [147],

M =

(
1

Vm

)
xB(1 − xB)[xB MA + (1 − xB)MB]. (71)
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Atomic mobilities are related to tracer diffusion coefficients.
If sufficient experimental information is available, expressions
for the temperature and composition dependence of the atomic
mobilities Mi can be determined using the DICTRA (DIffusion
Controlled Transformation) software (see Section 7.1.1). To
account for differences in diffusion properties between the
coexisting phases and for enhanced grain boundary diffusion,
M may depend on the order parameter fields or phase-fields.

6.3. Heat flow and other transport phenomena

Besides diffusion, other transport processes can have a
dominant effect on the microstructure. Using the formalism
of linear non-equilibrium thermodynamics [145], it is
straightforward to extend the standard phase-field model to
include phenomena such as heat diffusion, convection and
electric current.

6.3.1. Non-isothermal solidification
For non-isothermal solidification [41,137,42,138], the

following equations were obtained for an entropy functional S
of the form (50):

∂e

∂t
= −

−→
∇ · MT

−→
∇
∂s

∂e

= −
−→
∇ · MT

−→
∇

1
T
, (72)

∂φ

∂t
= L

[
∂s

∂φ
+ κ ′

∇
2φ

]
= −L

[
1
T

∂ f

∂φ
− κ ′

∇
2φ

]
(73)

and

1
Vm

∂xB

∂t
= −

−→
∇ · M

−→
∇

[
∂s

∂xB
+ ε′∇2xB

]
=

−→
∇ · M

−→
∇

[
1
T

∂ f

∂xB
− ε′∇2xB

]
. (74)

The kinetic parameter MT in the heat equation (72) can be
related to the thermal diffusivity. For a constant temperature,
Eqs. (73) and (74) are equivalent with the Ginzburg–Landau
equation (60) and the Cahn–Hilliard equation (66).

6.3.2. Convection
Compared to purely diffusive transport, convection in the

liquid phase enhances the transport of heat and mass during
solidification. One of the methodologies to include convection
is to combine the phase-field equations with a Navier–Stokes
equation where the viscosity depends on the phase-field [57,
148–151]. In this approach, both the solid and liquid phase are
treated as a Newtonian viscous fluid with the viscosity of the
solid phase several orders of magnitude larger than that of the
liquid phase. A full thermodynamic derivation of the equations
for mass, energy and momentum conservation and an equation
for the evolution of the non-conserved phase-field was given
by Anderson et al. [152]. Very recently the phase-field method
was also coupled with the lattice Boltzmann method [153], an
alternative technique for simulating fluid flow.

6.3.3. Electric current
Brush [154] derived a phase-field model that considers the

effect of heat flow and an applied electric current on crystal
growth. The model reproduces typical phenomena related to
the combination of heat flow and electric current, such as Joule
heating, the Thompson effect and the Peltier effect.

6.3.4. Plastic deformation
In phase-field models for elastoplastic deformation, the

evolution of the phase-field variables that describe the plastic
strain fields is given by time-dependent Ginzburg–Landau
equations with the free energy functional equal to the distortion
strain energy [126] or given by an objective function based
on a yield criterion [127]. In both cases, the kinetic equations
for plastic flow are only defined in regions where the effective
stress exceeds a critical value given by the yield criterion.

6.4. Stochastic noise term

Stochastic Langevin forces are sometimes added to the
phase-field equations to account for the effect of thermal
fluctuations on microstructure evolution, for example,

∂ηk(
−→r , t)

∂t
= −L

δF(xB, η j )

δηk(
−→r , t)

+ ζk(
−→r , t) (75)

1
Vm

∂xB(
−→r , t)

∂t
=

−→
∇ · M

−→
∇
δF(xB, ηk)

δxB(
−→r , t)

+ ψB(
−→r , t), (76)

with ζk(
−→r , t) non-conserved and ψB(

−→r , t) conserved
Gaussian noise fields that satisfy the fluctuation–dissipation
theorem [18,19]. The local magnitudes of the Langevin noise
terms must be scaled appropriately so that the noise in the
bulk phases and interfaces in the phase-field simulations can
be related quantitatively with temperature fluctuations that are
present in real experiments [155].

Mostly, the Langevin terms are used purely to introduce
noise at the start of a simulation and are switched off after a few
time steps. For example, to initiate precipitation of an ordered
phase in a metastable supersaturated disordered matrix or for
the onset of dendritic growth in solidification. Gránásy et al.
[156,157] employed the Langevin noise terms to simulate the
nucleation of crystal seeds in undercooled melts.

7. Quantitative phase-field simulations for alloy develop-
ment

The early phase-field simulations showed that the phase-
field technique is a general and powerful technique for
simulating the evolution of complex morphologies. Simulations
could give important insights into the role of specific
material or process parameters on the pattern formation
in solidification and the shape and spatial distribution of
precipitates or different orientation domains in solid-state phase
transformations. However, the results were rather qualitative
and there are two major difficulties that complicate quantitative
simulations for real alloys. The phase-field equations contain
many phenomenological parameters, which are often difficult
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to determine for real alloys. Furthermore, because in real
alloys the width of the interfaces is several orders smaller than
the microstructural features (dendrites, grains, precipitates)
and processes (heat and mass diffusion), massive computer
resources are required to resolve the evolution of the phase-field
variables at the interfaces appropriately and, at the same time,
cover a system with realistic dimensions. Often, simulations
are restricted to simplified or model systems and results are
affected by artificial boundary effects. To make the phase-
field technique attractive for technical applications, in current
research much attention is given to the quantitative aspects
of the simulations. Different methodologies are applied to
determine the parameters and to deal with the inconveniences of
the diffuse interfaces. Moreover, advanced numerical solution
techniques are proposed and powerful parallel codes are
developed.

7.1. Parameter determination

As is the case for all mesoscale and macroscale
modeling techniques, the phase-field equations contain a large
number of parameters that must be determined in order
to introduce the material specific properties for real alloys.
The parameters in the homogeneous free energy density
determine the equilibrium composition of the bulk domains,
the gradient energy coefficients and, if applicable, the double-
well coefficient are related to the interfacial energy and
width, the kinetic parameter in the Cahn–Hilliard equation is
related to diffusion properties and the kinetic parameter in the
Ginzburg–Landau equation to the mobility of the interfaces.
For solid-state phase transformations, the microelasticity
theory requires also the elastic moduli of all coexisting
phases. The parameters may show directional, compositional
and temperature dependence. In particular, the orientation
dependence of the properties is decisive for the morphological
evolution. Due to the large number of parameters and also
because some properties or dependences are difficult to
determine experimentally, parameter assessment for phase-
field models is not straightforward. To reduce the dependence
on experimental input, the phase-field technique has been
combined with the CALPHAD approach for multicomponent
alloys and with atomistic calculations.

7.1.1. CALPHAD approach for multicomponent alloys
The CALPHAD (CALculation of PHAse Diagrams) method

was originally developed for the calculation of phase diagrams
of multicomponent alloys using thermodynamic Gibbs energy
expressions. The required Gibbs energy expressions of the
different phases are determined by fitting the parameters
in a thermodynamic model using experimental information
on thermodynamic properties and phase equilibria. The
CALPHAD approach provides an efficient and consistent
tool for constructing temperature-dependent and composition-
dependent Gibbs energy expressions for multicomponent
systems. Different thermodynamic solution models were
developed to describe the temperature and composition
dependences of the free energy, such as the substitutional

solution model (atoms can freely mix over all lattice sites) and
the sublattice model (atoms are only allowed to mix within
distinct sublattices). In the CALPHAD method, expressions for
the Gibbs energy for multicomponent systems are constructed
through an ‘extrapolation from the binary subsystems’. This
means that the expressions of the binary systems are combined
according to a mathematical model, resulting in a description
of the multicomponent system. Deviations from the model
are treated using higher-order interactions parameters. When
the parameters of the binary system are known, only the
higher-order interaction terms must be determined accordingly
to obtain the Gibbs energy of the multicomponent system.
Thanks to the standardized approach, the work of different
researchers can be combined in large-scale international
projects for obtaining thermodynamic databases for complex
multicomponent alloys. For many industrial alloy systems,
such as steels, light (Al–, Ti–, Mg–) alloys, soldering alloys,
ceramic materials and slag systems, thermodynamic databases
containing expressions for the interaction parameters are
available. Furthermore, computer programs, such as Thermo-
Calc5 and Pandat,6 were developed for the calculation of the
phase diagrams and optimization of the parameters in the Gibbs
energy expressions.

Within the DICTRA (DIffusion Controlled TRAnsforma-
tions) software7 for the simulation of diffusion controlled phase
transformations for multicomponent alloys (based on a sharp-
interface model), temperature-dependent and composition-
dependent expressions for the atomic mobilities (see Eq. (71))
are obtained in a similar way as the Gibbs energy expressions
in the CALPHAD method [147,158]. The parameters are de-
termined using experimentally measured tracer, interdiffusion,
and intrinsic diffusion coefficients. Unfortunately, the number
of assessed systems in the DICTRA database is rather limited.

In the single-phase-field and multiphase-field models, where
the free energy density is constructed as an interpolation
function of the free energies of the coexisting phases, the
Gibbs energy expressions from CALPHAD databases can
be used directly in the phase-field free energy. The phase-
field method was for example combined with thermodynamic
CALPHAD databases and kinetic DICTRA databases for
simulating solidification of ternary Al–Mg–Si-alloys [63] and
commercial Mg–Al–Zn and Al–Si–Cu–Mg–Ni alloys [159],
the growth of perlite [106], the morphological evolution
in Al–Ni–Cr diffusion couples [70,160], Ostwald ripening
in Al–Ni–Cr alloys [161], diffusion controlled precipitate
growth and dissolution in Ti–Al–V [162] and the growth
and coarsening of the intermetallic compound layer in Cu–Sn
leadfree solder joints [163,164]. More details on the coupling
of phase-field simulations with thermodynamic and phase
diagram calculations are explained in [139]. A phase-field
simulation software MICRESS8 has been developed based on

5 Department of Materials Science and Engineering, KTH, Stockholm.
6 CompuTherm LLC.
7 Department of Materials Science and Engineering, KTH, Stockholm.
8 ACCESS, Aachen.
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the multiphase-field model, which is coupled with the Thermo-
Calc software for the thermodynamic calculations.

In the case of the Landau free energy expressions, it is
more complicated to determine the parameters in the Landau
free energy f (xi , ηeq(xi )) from the CALPHAD expressions
of the coexisting phases. Only for ordering reactions can the
CALPHAD free energy expression be adopted directly in the
Landau polynomial used in the phase-field model, since in
the CALPHAD approach the ordered and disordered phase
are described with a single free energy expression that is
coincidentally very similar to the Landau free energy density
(18) used in the phase-field model for ordering reactions. This
was illustrated by Zhu et al. [165] for quantitative simulations
of the growth of ordered γ ′-precipitates in Ni-based alloys.

Through extrapolation from lower-order systems, the
CALPHAD approach allows us to obtain a full thermodynamic
description of a multicomponent system using a limited amount
of experimental information. From these thermodynamic
descriptions, phase relationships and thermodynamic properties
can be calculated for experimentally uninvestigated regions.
The CALPHAD methodology is successful for determining
bulk free energy expressions, since for most systems of
technical interest there is a large amount of experimental
data on thermodynamic properties and phase relationships
available. In the case of the DICTRA mobility database,
only a few systems have been optimized because the
required experimental information is not available. Only
a few laboratories are specialized in measuring diffusion
coefficients, whereas the determination of phase equilibria and
thermodynamic properties is much more common. Moreover,
more mobility expressions must be optimized (a temperature-
dependent and composition-dependent mobility expression
must be determined for each component in each phase instead
of a single expression for each phase for the Gibbs energy).
Application of the CALPHAD approach for modeling the
interfacial energy and mobility in multicomponent systems
would be interesting, for example by optimizing temperature-
dependent and composition-dependent expressions for the
parameters in a model that describes the orientation dependence
of the interfacial properties. However, it is even more difficult
to measure interfacial energy and mobilities than to measure
diffusion properties. Experimental information on interfacial
properties is scarce, and relates mostly to pure materials.

7.1.2. Coupling with atomistic calculations
The phase-field simulation technique was also combined

with ab initio calculations and other atomistic simulation tech-
niques to obtain difficult-to-measure parameters. Vaithyanathan
et al. [26,166,167] presented a multiscale approach based on
ab initio calculations, mixed-cluster expansion Monte Carlo
simulations and the phase-field method, for investigating the
growth and coarsening of θ ′-Al2Cu precipitates during aging
of an Al alloy. The free energy density, the interfacial energy
and anisotropy, the stress-free lattice parameters and the elas-
tic constants were determined based on ab initio calculations.
Bishop and Carter [168] propose a coarse graining method for
relating the atomic structure of a grain boundary obtained from

atomistic simulations, with the evolution of a continuous order
parameter across a diffuse interface in the phase-field model.
Hoyt, Asta and Karma [169,170] determined from atomistic
molecular dynamics simulations, the interfacial energy and mo-
bility and their anisotropies for pure Ni, Au and Ag. The atom-
istic calculations were coupled with a phase-field model [171]
to study quantitatively the dendritic growth in these metals as
a function of the undercooling. They also computed the liquid
diffusivities of pure Cu and Ni in the vicinity of their melting
points [172].

In principle, all parameters in the phase-field model can
be calculated using an atomistic technique. A multiscale
approach that combines ab initio, other atomistic simulation
techniques such as molecular dynamics, cluster expansion
and atomistic Monte Carlo, and the mesoscale phase-field
technique, would result in a quantitative and fully predictive
simulation technique. However, at this moment, the quantitative
results from atomistic simulations themselves are not very
reliable. There may be large deviations, up to 200% or
300%, between values for the same properties calculated using
different atomistic techniques or different approximations for
the interaction potential. Moreover, most atomistic simulation
techniques still require a number of model parameters that must
be determined using experimental data.

7.2. Numerical solution of the phase-field equations

For the numerical solution of the phase-field equations, the
continuous system is projected on a lattice of discrete points,
as is illustrated in Fig. 12. The phase-field equations are also
discretized, resulting in a set of algebraic equations. Solution
of the algebraic equations yields the values of the phase-
field variables in all lattice points. For the lattice depicted
in Fig. 12, the set of algebraic equations contains N1 × N2
equations and the same number of unknowns for each phase-
field variable. The lattice spacing 1x must be fine enough
to resolve the interfacial profile of the phase-field variables,
i.e. there must be a few grid points within the interfacial
region. At the same time, the dimensions of the system l1 en
l2 must be large enough to cover the processes occurring on
a larger scale. As a consequence, the numerical solution of
the phase-field simulations for actual alloy systems involves
an enormous number of lattice points, since N1 = l1/1x and
N2 = l2/1x . Since, at each time step, the value of the phase-
field variables must be computed for all the grid points, phase-
field simulations are quite computationally intensive. Moreover,
a smaller lattice spacing involves a smaller time step in order to
maintain numerical stability. Large computer memory is also
required to treat the huge algebraic systems of equations with
many unknowns.

A finite difference discretization technique using uniform
lattice spacing, and with a central second-order stepping in
space and forward stepping in time, is most widely used
because of its simplicity. For the two-dimensional system in
Fig. 12, discretization of the Ginzburg–Landau equation then
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Fig. 12. Projection of a continuous phase-field variable on a lattice of discrete
points for a two-dimensional system at time step n. Discretization of the partial
differential phase-field equations results in a set of N1 × N2 algebraic equations
for each phase-field variable, that allows us to calculate, for each time step n,
the values of the phase-field variables ηn

r,s in all lattice points. l1 and l2 are
the dimensions of the system, N1 and N2 the number of grid points in each
dimension and 1x is the lattice spacing.

gives the following set of algebraic equations:

ηn+1
r,s − ηn

r,s

1t
= −L

[(
∂ f0

∂η

)n

r,s

− κ
ηn

r−1,s + ηn
r,s−1 − 4ηn

r,s + ηn
r+1,s + ηn

r,s+1

(1x)2

]
. (77)

The values of the phase-field variables at time step n + 1
are directly calculated from the values at time step n. The
technique can be combined with Neumann, Dirichlet and
periodic boundary conditions. However, it is well known that
for such an explicit time stepping, the time step 1t must be
very small to keep the numerical solution stable. The maximum
time step is orders of magnitude smaller than the typical time
span of microstructural evolution phenomena, resulting in long
computation times. Sometimes a backward time stepping is
applied to improve the stability conditions. The right-hand
side in Eq. (77) is then evaluated on time step n + 1 instead
of n, resulting in a system of coupled non-linear algebraic
equations. The equations must be linearized, for example using
a Newton–Raphson method, and iterative techniques, such as
a conjugate gradient or multi-grid method, are required to
solve the large system of equations. Thanks to the implicit
time stepping, the time step can be taken larger; however,
more numerical operations are required per time step and the
implementation of the equations is more complicated than for
the explicit time stepping. The gain in time highly depends on
the application.

For solid-state phase transformations, the Fourier-spectral
method with semi-implicit time stepping [173,174] is regularly
applied. In this technique, the continuous phase-field equations

are transformed into a set of algebraic equations in Fourier
space by a discrete Fourier transformation. The resulting
algebraic equations are solved, one by one, in Fourier space
using a semi-implicit time stepping. The advantage of this
method is that the gradient term can be treated implicitly
without solving a large system of coupled algebraic equations.
Spectral methods give a better spatial accuracy than the second-
order finite difference discretization [173], and the semi-
implicit time stepping allows a time step that is an order of
magnitude larger than explicit time stepping. However, if the
phase-field parameters depend on the phase-field variables,
several Fourier transforms and back transforms must be
performed for each time step, reducing the efficiency of the
method. The Fourier-spectral method is only applicable for
systems with periodic boundary conditions. Legendre- and
Chebyshev-spectral methods enable other boundary conditions
[175].

Finite volume or finite element discretizations based on
an adaptive non-uniform grid have been developed for
solidification simulations [57,56,91,176,177]. The non-uniform
mesh has more grid points near the solid–liquid interface for
a good resolution of the evolution of the phase-field across
the interface. In the bulk domains, where the phase-field is
constant, a coarser grid is applied to compute the evolution of
the temperature and composition field. During the evolution of
the structure, the mesh is adapted to the moving interface. The
adaptive method allows us to consider heat and mass diffusion
over much larger distances. Although the implementation of
an adaptive-mesh technique is more complicated than that of
a technique based on a uniform grid, the benefits may be
considerable, certainly in the case of anisotropic interfacial
properties where a fine resolution of the interface is required.
For microstructures that consist of a large number of grains
or precipitates, the classical adaptive meshing techniques are
hard to apply. A spectral method combined with an adaptive
moving mesh method [178] might be more appropriate for these
structures.

Furthermore, algorithms and sparse data structures have
been developed for polycrystalline structures represented by
a large number of phase-field variables. For each phase-field
variable, the corresponding evolution equation is only solved
and its value is only stored for those grid points where its
absolute value exceeds a small threshold value [104,179,180]
or even only for the grid points at interfaces [181]. In this way,
the calculation time and the required computer memory are
significantly reduced. They scale only with the system size and
are nearly independent of the number of phase-field variables
involved in the simulation.

For three-dimensional simulations with realistic system size,
parallel codes that distribute the calculation work and computer
memory requirements over multiple computers are needed.

7.3. Nucleation

In many technical applications the microstructure of
a material is tailored by controlling the nucleation and
growth of a new forming phase at a particular step in the



Author's personal copy

N. Moelans et al. / Computer Coupling of Phase Diagrams and Thermochemistry 32 (2008) 268–294 287

production process. As microstructures are evolving non-
equilibrium features, their current state is not only determined
by the material properties and current process parameters,
but also by previous microstructural processes. Therefore,
in order to fully predict microstructure evolution, it is
important to understand nucleation and include it correctly into
microstructure simulations.

From a computational point of view, it is not feasible
to consider nucleation and considerable growth at the same
time in a phase-field simulation, since an extremely small
spatial resolution and time step over the whole domain are
required to catch the nucleation events. Therefore, most often,
nucleation is incorporated ad hoc into the simulations [182,
52,183,159] using separate analytical models that describe
the nucleation rate and the growth of critical nuclei as a
function of the local conditions, such as the local temperature
and composition. Once a nucleus has reached a size of the
order of the grid spacing in the phase-field simulation, it is
included as a new grain in the phase-field representation and
its further growth is governed by the phase-field equations.
This approach was, amongst others, applied to study the
role of the cooling conditions on the evolution of the grain
or particle size distribution for the growth of γ ′-precipitates
in Al–Ni alloys [182] and the equiaxed solidification in
technical magnesium alloys [159]. The simulations help us to
understand the effect of random nucleation on the evolution of
a microstructure. However, the results can only be quantitative
if the assumptions in the nucleation model are applicable
for the material and process conditions concerned, and if the
parameters in the model are known, which is mostly not the
case. The approach cannot give any insight into the formation
and properties of critical nuclei.

It was shown by Cahn and Hilliard [68] for spinodal
decomposition and later by Gránásy et al. [156,157] for crystal
growth in undercooled melts that the phase-field method, or in
general diffuse-interface methods, are in fact very appropriate
for studying nucleation and the initial stages of crystal growth.
Different from the classical analytical models where nuclei are
assumed to have homogeneous bulk properties (as for example
the spherical cap model of Gibbs [184]), diffuse-interface
models describe nuclei as local fluctuations or heterogeneities
in properties like structure, density or composition. This latter
approach is probably more realistic since nuclei may be so
small that there is no homogeneous bulk material. The diffuse-
interface description can also include in a straightforward
way the effect of anisotropy and transport phenomena on the
evolution of a nucleus or fluctuation. The properties of a critical
fluctuation that can evolve spontaneously towards a mesoscale
feature, and the nucleation barrier, are determined by the free
energy functional in the phase-field model.

The diffuse-interface approach has been applied to study
the properties and evolution of nuclei under various conditions
(see [64,185] for an overview on phase-field simulations of
crystal nucleation and growth). Phenomena like homogeneous
nucleation, heterogeneous nucleation at walls and particles
[186] and the effect of convection on the nucleation of
a peritectic phase [187] were treated. The model was

validated with experimental results for Ni–Cu melts [156,
157] and with molecular dynamics simulations for hard sphere
systems [188]. Especially for systems far from thermodynamic
equilibrium, for example in the case of strong undercooling
or high supersaturation, the results obtained with phase-field
simulations are very different from and more realistic than those
obtained with the classical spherical cap model.

7.4. Diffuse-interface related issues and model validation

The diffuse-interface formulation has important advantages
with respect to sharp-interface models, because no boundary
conditions are specified at the interfaces between different
domains. It enables us to study the evolution of arbitrary
complex morphologies without any presumption on the shape
of the grains and to predict non-equilibrium conditions at
moving interfaces. It is also straightforward to account for the
long-range elastic interactions that are involved in most solid-
state transformations.

The drawback is that, due to the steep gradients in properties
at the interfaces, simulations based on a diffuse-interface
model can be extremely demanding from a computational
point of view. Depending on the system and the temperature,
the interfacial thickness in real materials ranges from a few
angstroms to, at most, a few nanometers. As there must
be at least 5–10 grid points within the interfacial regions
to maintain numerical stability, only very small systems
are feasible when using a uniform grid spacing, even with
today’s computer power. For two-dimensional simulations, the
maximum system size is about 1 µm in each dimension;
for three-dimensional simulations, it is of the order of only
100 nm. These dimensions are too small to study realistic
microstructural phenomena which involve coarsening, long-
range elastic interactions and diffusion processes. Therefore,
in nearly all phase-field simulations, interfaces are taken
artificially wide to increase the system size.

It is obvious that the artificial width of the interface is limited
as well by the smallest features in the microstructure. Moreover,
for many phase-field models, the profiles of the conserved and
non-conserved field variables at interfaces are coupled in a
complex way and there are not enough model parameters to
modify the interfacial width for given interfacial energy and
interface kinetics. Also the coalescence of neighboring particles
and a number of non-equilibrium effects at interfaces, like
solute trapping and solute drag, are exaggerated when interfaces
are taken too wide. Consequently, increasing the interface width
without concern seriously affects the simulation results. One of
the current topics in phase-field modeling is the development of
models that allow us to choose the interfaces artificially wide,
without affecting the interface behavior. A number of strategies
that were successful in suppressing part of the side-effects are
discussed in the next paragraphs.

7.4.1. Controlling the interfacial profiles and interfacial
energy

For arbitrary model formulations, the interfacial energy
scales with the interfacial width, amongst other reasons because
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there is a contribution to the interfacial energy from the
concentration profiles [46]. Therefore, phase-field models have
been developed with enough model parameters and particular
choices for the interpolation function p(φ) and double- or
multi-well function g(φ) in the free energy, so that it is possible
to control the interfacial profiles of the phase-field variables.

The phenomenological single-phase-field models provide
enough degrees of freedom to adjust for the artificial interfacial
thickness lart, as there are at least two parameters, namely κ
andw, for defining the interfacial thickness and specific energy.
When the restrictions (40) and (41) for the composition fields
are imposed, the appropriate values for κ andw can be obtained
easily. Combination of the relations (42) and (43) gives

σint =
αlartw

12
. (78)

Hence, for an artificial interfacial width lart, given by
computational limitations, the height of the double-well
potential w can be chosen to fit the actual interfacial energy.
Once w is chosen, relation (43) with l = lart gives the
appropriate value for κ .

For the multiphase-field models the interfacial width can
be easily increased by adapting the values for κ jk and m jk in
the free energy functional (51) or by taking a larger value for
ε in the entropy functional (56). However, a problem of the
multiphase-field formalism is that a third phase may appear at
the interface between two phases, which affects the interfacial
properties and complicates parameter assessment. Efforts are
made to find formulations that reduce or avoid this unphysical
third-phase effect. The numerical study of Garcke et al. [141],
for example, shows that a multi-obstacle potential (58), in
combination with higher-order terms ∝ φiφ jφk , can diminish
the interference of third phases at two-phase interfaces. The use
of a double- or multi-obstacle potential also reduces to a certain
extent the artificially large interaction between neighboring
particles [101].

Phase-field models derived from Khachaturyan’s micro-
scopic theory, in most cases, do not have enough degrees of
freedom to increase the interfacial thickness without changing
the interfacial energy. One approach is to scale the time and spa-
tial length and the energetic contributions to the thermodynamic
free energy, based on a non-dimensionalized formulation of the
phase-field model [165,189]. Another approach is to incorpo-
rate a multi-well function into the model, so that there is an
extra degree of freedom for adjusting the interfacial width, and
to change the formulation of the free energy functional so that
the chemical free energy does not contribute to the interfacial
energy. The classical model for ordered precipitates was, for
example, reformulated in this way, in order to perform quantita-
tive three-dimensional simulations for realistic length and time
scales [130,190,191]. However, it is not yet clear how to treat
coherency strains quantitatively correct when interfaces are
artificially thick.

In the model of Echebarria et al. [53] and Folch and
Plapp [192,54], the free energy is divided into an enthalpy and
entropy contribution and the classical interpolation function
p(φ) is replaced by two separate interpolation functions, one

for the enthalpy and one for the entropy contribution. The
interpolation functions relate to each other in such a way that
for dilute alloys the concentration profile does not contribute to
the interfacial energy. The interfacial thickness can accordingly
be modified while the interfacial energy is kept constant, by
changing the coefficients in front of the double-well potential
and the gradient term. Different from the approaches above,
in this model, there is no need to split up each concentration
field in virtual concentration fields for each phase as in Eq. (42).
Folch and Plapp also propose an alternative multi-well potential
for systems with three phases that ensures the absence of a third
phase at the interfaces. Although an extension of this multi-well
potential towards systems with an arbitrary number of phases
is in theory straightforward, it might result in impractical long
equations.

In the model for grain growth in pure single-phase materials
based on the order parameter representation [3,81,193], there
are enough model parameters to choose the width of the grain
boundaries independently from the grain boundary energies.
Moreover, the model prevents in a natural way the presence
of additional phases at grain boundaries. However, when the
set of non-conserved order parameter fields is combined with
a concentration field [89,90,88], it is no longer possible to
increase the interfacial width without changing the interfacial
energy. The amount of solute dissolved at interfaces also
increases with interfacial thickness. There is no satisfying
approach yet to circumvent these artificial effects.

7.4.2. Corrections for kinetic and non-equilibrium effects
As illustrated in Section 6.1 for curvature driven interface

motion, it is common to relate the kinetic parameter in the
Ginzburg–Landau or Cahn–Allen equations to measurable
quantities by matching an asymptotic expansion of the
phase-field model with the corresponding sharp-interface
model, as sharp-interface models are usually formulated
in terms of measurable quantities. The formulation and
parameters of the phase-field model are preferentially
chosen so that the corresponding sharp-interface model is
recovered in the limit considered for the expansion. Sharp-
interface asymptotic expansions [194,37,195,42,196], where
the interface is assumed to have a zero thickness, and
thin-interface asymptotic expansions [50,135,197], where the
interface is assumed to have a finite thickness that is however
much smaller than the smallest microstructural features, are
most common. The sharp-interface expansion results in fixed
(i.e. independent of the interface width) relations between the
kinetic parameters in the phase-field model and those in the
sharp-interface model, which are strictly spoken only valid for
infinitely sharp interfaces. The thin-interface expansion gives
expressions for the kinetic parameters that contain correction
terms for the interfacial width. Numerous numerical tests have
been performed to quantify the effect of the interface thickness
on the results of a phase-field simulation and to test the validity
of the asymptotic expansions.

For purely curvature driven interface movement, the kinetics
are hardly affected by the width of the interface, as long as the
interfacial profile is well resolved by the numerical grid and the
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interfacial energy is correctly reproduced [198]. Only for grain
sizes in the range of, and smaller than, the interfacial width, do
the phase-field simulations deviate considerably from the sharp-
interface kinetics. The sharp-interface asymptotics are thus well
reproduced in the simulations, even when the interface is taken
artificially wide.

However, when bulk driving forces and heat and mass dif-
fusion are involved, the interface kinetics deviate considerably
from the sharp-interface asymptotic behavior if the interface
width is increased [135]. Especially when there is a large dif-
ference between the conductivities or diffusion coefficients on
both sides of the interface, artificial non-equilibrium effects
such as extra surface diffusion, interface stretching and so-
lute trapping affect the numerical results [197,51]. Karma and
Rappel [50,135] worked out a thin-interface asymptotic ex-
pansion of a phase-field model for the solidification of a pure
material with equal conductivities in the liquid and the solid.
They showed that the interface-thickness-dependent correction
term for the kinetic parameter allows us to obtain quantitatively
correct results for interface thicknesses that are several orders
larger than is possible for a sharp-interface asymptotic expan-
sion. A similar thin-interface analysis can be applied to alloy
solidification [51,101,53,54]. To overcome the artificial effects
caused by a difference in diffusion coefficient on both sides of
the interface, the thin-interface matching was combined with a
non-variational9 anti-trapping current in the equation for mass
conservation that counterbalances for the solute trapped at the
artificially wide interfaces [51,53,54]. A similar correction term
was also proposed by Shi et al. [199]. Up to now, the anti-
trapping term has only been worked out for dilute solutions.

7.4.3. Quantitative validation with experimental data
Quantitative validation of the different phase-field models is

frequently based on simulations for pure Ni and Ni–Cu alloys
[156,56,176,91], since it is a simple system and its physical
properties are quite well known. In the case of solid-state phase
transformations, especially those involving elastic strains,
analytical or sharp-interface models are less well established.
Furthermore, materials showing a symmetry reducing or
ordering transformation are, in general, complicated and
difficult to characterize. Therefore, quantitative validation is
more difficult for these models. The Ni–Al system is frequently
used as a model system for quantitative simulations of ordering
reactions [190,191], since, due to its technical relevance, the
system is widely studied.

7.4.4. Phase-field crystal model
Very recently a new continuum modeling approach, the

phase-field crystal model, was introduced [200–202]. It allows
us to simulate microstructural behavior on atomistic length
scales and diffusive time scales. Hence, the spatial resolution
is of the same order as for molecular dynamics simulations;
however, it is possible to consider much longer time scales.

9 Which means that the extra term cannot be derived from a free energy
functional according to the principles of non-equilibrium thermodynamics.

In the phase-field crystal model, the phase-field variable is
the local atom density. For solid structures the free energy is
minimal for periodic solutions of the density field, whereas
in the liquid it is minimal for a constant value of the
density field. Due to the periodicity of the density field and
the atomic resolution, crystal anisotropy and the interaction
between elastic lattice deformations, dislocation movement
and plastic deformation [203] are incorporated automatically.
Moreover, the diffuse-interface related problems of phase-field
models are avoided. Up to now simulations have only been
for two-dimensional systems and simple crystal structures. The
possibilities of the technique are still to be explored further and
efficient numerical techniques that exploit the periodicity of the
solution have to be developed.

8. Summary

This paper gives an introduction to the phase-field method
and an overview of its possibilities. The phase-field method is a
versatile and powerful technique for simulating microstructural
evolution, which is currently very popular. Amongst others,
it has been applied to solidification, precipitate growth and
coarsening, martensitic transformations and grain growth and,
more recently, also to other solid-state phase transformations
like the austenite to ferrite transformation in steels, dislocation
dynamics, crack propagation and nucleation. The achievements
are increasing rapidly due to improved modeling and
implementation techniques and growing computer capacities.

In the phase-field method, a microstructure is represented
by means of a set of conserved and non-conserved phase-field
variables that are continuous functions of spatial coordinates
and time. The molar fraction fields of the constituting
components are typical examples of a conserved phase-
field variable. Non-conserved phase-field variables, such as
order parameter fields and phase-fields, contain information
on the local structure and orientation. Within domains the
phase-field variables have nearly constant values, and at the
interface they vary continuously over a narrow region between
their values in the neighboring domains. Consequently, the
interfaces have a finite width and the variations in properties
at interfaces are continuous. This is called a diffuse-interface
description. The main advantage of diffuse interfaces is that
no boundary conditions must be specified at the moving
interfaces. Therefore, phase-field models are able to predict
complex morphological evolutions. Furthermore, no a priori
assumptions on the (non-) equilibrium conditions at the moving
interfaces are required.

Different from classical thermodynamics, the free energy in
phase-field models is expressed as a functional of the phase-
field variables and their spatial gradients. Since interfaces are
characterized by a steep gradient in properties, the gradient term
automatically gives rise to interfacial tension. For solid-state
applications, the elastic strain energy due to transformation
strains or an externally applied stress is formulated as a function
of the phase-field variables using a continuum micro-elasticity
approach.
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A set of kinetic equations is solved numerically to obtain
the temporal evolution of the phase-field variables. It is
straightforward to include into a phase-field model the effect
of different transport processes, such as diffusive mass and
heat (conduction) transport, fluid flow and electric current,
on the morphological evolution of the grains. Stochastic
noise terms can be added to the equations to simulate
nucleation or to induce instabilities in a metastable structure
or steady-state growth morphology, although nucleation is
usually incorporated into phase-field simulations using separate
analytical nucleation models.

Phase-field models contain a large number of phenomeno-
logical parameters, which have to be determined in order
to obtain quantitative results for real alloys. The parame-
ters are related to the thermodynamic properties and equi-
librium composition of the coexisting phases, the interfacial
energy, width and mobility, the diffusion properties of the
solute elements, and the elastic properties of all coexist-
ing phases. Due to the large number of parameters and
because some of them are related to properties that are dif-
ficult to measure, it is complicated to determine all the pa-
rameters in a phase-field model. Different methodologies have
been proposed to make parameter assessment more efficient
and to reduce the dependence on experimental measurements.
Assessed databases, such as the Thermo-Calc and DICTRA
databases developed using the CALPHAD approach, are, for
example, useful for phase-field simulations for multicomponent
alloys. Moreover, atomistic simulations can provide infor-
mation on difficult-to-measure properties, such as the inter-
facial energy and mobility and their anisotropy. However,
parameter assessment is still a major problem in phase-field
modeling.

The numerical solution and implementation of phase-field
equations is, in principle, relatively simple and straightforward,
as there is no need to track the interfaces. However, the
resolution of the numerical technique must be very fine to
catch the steep transitions of the phase-field variables at
interfaces. Simulations for realistic system sizes and time
scales are therefore not feasible using the ordinary numerical
techniques, because of excessive computation times and
insufficient computer memory. A finite volume or finite element
discretization using an adaptive mesh is often applied for
simulating crystal growth in solidification. Then, the mesh is
taken extremely fine at the solid–liquid interface, to resolve the
transition of the phase-field variables, and coarse within the
bulk domains, for describing the mass and heat transfer over
macroscopic distances. For solid-state phase transformations, a
Fourier-spectral method with semi-implicit time stepping and
uniform mesh is usually more appropriate than a technique
based on adaptive meshing because of the large number of
grains or precipitates involved.

To increase the system size towards relevant dimensions, the
width of the diffuse interface must be taken artificially large.
Therefore, it is important to develop phase-field formulations
that allow us to change the interface width without affecting the
interfacial energy and mobility or introducing spurious effects.
A lot of progress has been made in controlling the interfacial

profiles of the phase-field variables and suppressing artificial
kinetic and non-equilibrium effects, although a general solution
has not yet been found and all strategies are still under debate.
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